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NEVANLINNA THEORY OF THE ASKEY-WILSON DIVIDED 
DIFFERENCE OPERATOR 

YIK-MAN CHIANG AND SHAO-JI FENG 


Abstract. This paper establishes a version of Nevanlinna theory based on 
Askey-Wilson divided difference operator for meromorphic functions of finite 
logarithmic order in the complex plane C. A second main theorem that we have 
derived allows us to define an Askey-Wilson type Nevanlinna deficiency which 
gives a new interpretation that one should regard the zero/pole-sequences of 
many important infinite products arising from the study of basic hypergeo¬ 
metric series as nonexistence. That is, their zeros/poles are indeed deficient 
in the sense of difference Nevanlinna theory. A natural consequence is a ver¬ 
sion of Askey-Wilosn type Picard theorem. We also give an alternative and 
self-contained characterisation of the kernel functions of the Askey-Wilson op¬ 
erator. In addition we have established a version of unicity theorem in the 
sense of Askey-Wilson. This paper concludes with an application to differ¬ 
ence equations generalising the Askey-Wilson second-order divided difference 
equation. 
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1. Introduction 

Without loss of generality, we assume g to be a complex number with |g| < 1. 
Askey and Wilson evaluated a g—beta integral (El Theorem 2.1]) that allows them 
to construct a family of orthogonal polynomials (0 Theorems 2.2”2.5]) which are 
eigen-solutions of a second order difference equation ([6l §5]) now bears their names. 
The divided difference operator Vq that appears in the second-order difference 
equation is called Askey-Wilson operator. These polynomials, their orthogonality 
weight, the difference operator and related topics have found numerous applications 
and connections with a wide range of research areas beyond the basic hypergeomet¬ 
ric series. These research area includes Fourier analysis mi interpolations ([37], 
[29]), combinatorics ([12]), Markov process ([E], [46]), quantum groups ([33], [41]), 
double affine Hecke (Cherednik) algebras l [15j , [32]), etc. 

In this paper, we show that there is a very natural function theoretic interpreta¬ 
tion of the Askey-Wilson operator (abbreviated as AW—operator) Vq and related 
topics. It is not difficult to show that the AW—operator is well-defined on mero- 
morphic functions. In particular, we show that there is a Picard theorem associates 
with the Askey-Wilson operator just as the classical Picard theorem is associated 
with the conventional differential operator /'. Moreover, we have obtained a full- 
fledged Nevanlinna theory for slow-growing meromorphic functions with respect to 
the AW—operator on C for which the associated Picard theorem follows as a special 
case, just as the classical Picard theorem is a simple consequence of the classical 
Nevanlinna theory ([39], see also [40], [25] and [48]). This approach allows us to 
gain new insights into the Dq and that give a radically different viewpoint from 
the established views on the value distribution properties of certain meromorphic 
functions, such as the Jacobi theta -functions, generating functions of certain or¬ 
thogonal polynomials that were used in L. J. Rogers’ derivation of the two famous 
Rogers-Ramanujan identities [42], etc. We also characterise the functions that lie 
in the kernel of the Askey-Wilson operator, which we can regard as the constants 
with respect to the AW—operator. 

A value a which is not assumed by a meromorphic function / is called a Picard 
(exceptional) value. The Picard theorem states that if a meromorphic / that has 
three Picard values, then / necessarily reduces to a constant. For each complex 
number a, Nevanlinna defines a deficiency 0 < S{a) < 1. If S{a) ^ 1, then that 
means / rarely assumes a. In fact, if a is a Picard value of /, then i5(a) = 1. If 
/ assumes a frequently, then 6{a) ~ 0. Nevanlinna’s second fundamental theorem 
implies that '^(®) — ^ ^ non-constant meromorphic function. Thus, the 

Picard theorem follows easily. For each a € C, we formulate a g—deformation of 
the Nevanlinna deficiency 0Aw(a) and Picard value which we call AW — deficiency 
and AW—Picard value respectively. Their definitions will be given in (j8j The 
AW-deficiency also satisfies the inequalities 0 < 0Aw(a) < 1- 

A very special but illustrative example for a € C to be an AW—Picard value of 
a certain / if the pre-image of a G C assumes the form, with some Za G C, 

(1.1) Xn ■= ^{zaq"^ + q~'^/za), nGNU{0}. 

This leads to 0 aw(«) = 1- 

We illustrate some such AW—Picard values in the following examples from the 
viewpoint with our new interpretation. Let us first introduce some notation. 
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We define the 9 —shifted factorials: 

n 

( 1 . 2 ) (a; 9)0 := 1 , (a; g)„ (1 - n = 1 , 2 , • • • , 

k^l 

and the multiple g—shifted factorials: 

k 

(1.3) (1^15 ^2 5 *** jUfc; Q)n ■— 11 (^t ’ ^)n ■ 

i=i 

Thus, the infinite product 

(ui, 0 . 2 ; **' jUfc: g)oo — lim (ui, 0 : 2 , * ‘ ‘ , U/i;, g)n 

n —>+00 

always converge since |g| < 1. 

The infinite products that appear in the Jacobi triple-product formula (Uni P- 
15] 

00 

(1.4) f{x) = (g; g)oo(g'/"z, = E 

k— — cx) 

can be considered as a function of x where x = ^(z + z~^). The corresponding 
(zero) sequence is given by 

:r„ := t(gi/2+- + q-i/2—), n S N U {0} 

where Za = + g“^/^)/2 (a = 0) . Thus 0 is an AW—Picard value of / when 

viewed as a function of x, and hence / has 0aw(O) = 1 - 

Our next example is a generating function for a class of orthogonal polynomials 
known as continuous q—Hermite polynomials first derived by Rogers in 1895 |42) 


1 o<|t|<i, 


(te*®, te g)oo ^ (g; q)k 


where 


Hn{x\q)=Y.J7. 


( 9 ; 9 ) 


( 9 ; 9)fc (g; g)n-fc 


-g*("-2fe)e x = COSe. 


The orthogonality of these polynomials were worded out by Askey and Ismail [5l 
1983]. We easily verify that the 00 is an AW—Picard value of / when viewed as a 
functions of x with the pole-sequence given by 


(1.5) 


■=\{iq'"+ q ""It), neNu{0}, 


where Za = {tt~^)l‘2. (a = 00 ). This implies 0aw(oo) = 1- 

Our third example has both zeros and poles. It is again a generating function 
for a more general class of orthogonal polynomials also derived by Rogers in 1895 
1121. That is, 


{e^H, e-^H-q)oo li\q)t , 


n—0 


(1.6) H{x) : 


X = cos 0, 
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where 


Cu{x-, p\q) = 


(/5; q)k{l 3 ] q)n-k ! 

/ ^-cos(n 

( 9 ; q)k{q', q)n-k 


2k)e 


n 


-E 


(/^; g)fc(/3; q)n-k 
( 9 ; q)k{q; q)n-k 


Tn—2k {x') 


is called continuous q— ultraspherical polynomials by Askey and Ismail 0 . Here the 
Tn{x) denotes the n—th Chebychev polynomial of the first kind. Rogers [12] used 
these polynomials to derive the two celebrated Rogers-Ramanujan identities 


00 


E 

n—O 



1 

( 9 ; '7®)oo(g'‘; <7®)oo 


and 


00 


E 

n=0 


q 


.n -\-n 


( 9 ; q)r 


1 

( 9 ^; q^)oo{q^; q^)oo 


One can find a thorough discussion about the derivation of these identities in An¬ 
drews O §2.5]. 

The zero- and pole-sequences of H(x) in the x—plane are given, respectively, by 

(1.7) Xn:=li/3tq^ + q-^/{l3t)), neNU{0}. 

and m- The point is that we have both 0 and 00 to be the AW—Picard values 
according to our interpretation. Thus 0 aw(O) = 1 and ©aw( 00 ) = 1 for the 
generating function H{x). 

Our Askey-Wilson version of Nevanlinna’s second fundamental theorem (Theo¬ 
rem mi) for slow-growing meromorphic functions not belonging to the kernel of 'Dq 
also implies that 


(1.8) ^ 0Aw(a) < 2. 

qGC 

This new relation allows us to deduce a AW—Picard theorem (Theorem 110.21) : 
Suppose a slow-growing meromorphic function f has three values a, c G <C such 
that 0Aw(fl) = 0Aw((') = 0Aw(c) = 1. Then f lies in the kernel ofVq. 

Note that, what Nevanlinna proved can be viewed when a meromorphic function 
has three Picard values then the function lies in the kernel of differential operator. 

By the celebrated Jacobi triple-product formula jU 497], we can write the Jacobi 
theta-function i? 4 (z, q) = 1 2 ^^^(—l)”^^ cos 2 fcz in the infinite product form 

1^4(2:, q) = (g^; g^)oo (ge^*^, ge”^^, q'^)^ 


implying that it too has 0aw(O) = 1 when viewed as a function f{x) of x. Since 
the f{x) is entire, so that the relationship (11.81) becomes 

1 = 0Aw(O) < ^ 0Aw(a) < 1. 

We deduce from this inequality that there could not be a non-zero a such that the 
theta function have f(xn) = a only on a sequence {xn} of the form ( 11 . 11 ) . Otherwise, 
it would follow from Theorem 18.41 that the theta function ^4 would belong to the 
kernel ker 'Dq, contradicting the kernel functions representation that we shall discuss 
in the next paragraph. The same applies to the remaining three Jacobi theta- 
functions. Intuitively speaking, the more zeros the function has out of the maximal 
allowable number of zeros of the meromorphic function can have implies the larger 
the AW-Nevanlinna deficiency 0aw(O). That is, the function misses a; = 0 more 
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in the AW—sense, even though the function actually assumes x = 0 more often in 
the conventional sense. Thus, since the theta function assumes zero maximally^ so 
it misses x = 0 also maximally in the AW—sense. The following examples that we 
shall study in in details in ^show how zeros are missed/assumed in proportion to 
the maximally allowed number of zeros against their AW—deficiencies. 

f^{x) = 0aw(O) = - -, 

ri AJ- 77 

and 

n—1 ^ 

g^"-i)oo, 0 aw(O) = -. 

n A A 77 

A;=0 

In |28[ p. 365] Ismail has given an example of meromorphic function that belongs 
to kerPg! 

{COS0- cos</)((7e*(«+«, q)^ 

^ ■ '' gi/2g-*(e+0). ^)^(gi/2gi(e-0)^ gi/2g-,(e-0). ’ 

for a fixed (/. Let / belong to the kernel of Vg, that is Vg/ = 0. Then one can 
readily deduce from (12.61) that the /, when viewed upon as a function of 9, is doubly 
periodic, and hence must be an elliptic function in However, the authors could 
not find an explicit discussion of this observation in the literature. Here we offer an 
alternative and self-contained derivation to characterise these kernel functions when 
viewed as a function of x = cos 9. Our Theorem 110.21 shows that all functions in 
the ker T^g are essentially a product of functions of this form. Intuitively speaking, 
the functions that lie in the kernel must have zero and pole-sequences described 
by m]). We utilise the linear structure of the ker (Dg to deduce any given number 
of linear combination of some g—infinite products can again be expressed in terms 
of a single q—infinite product of the same form whose zero and pole-sequences can 
again be described by (II. 1|) (see Theorems 110.31 and 110.41) . Many important Jacobi 
theta-function identities such as the following well-known (see [47]) 

( 1 . 10 ) + = 

and 

( 1 . 11 ) Mz + y) Mz -y)^l= ^Uy) ^l{z) + ^Uy) 9j{z) 

are of the forms described amongst our Theorems 110.31 and 110.41 

The key to establishing a q—deformation of the classical Nevanlinna second fun¬ 
damental theorem is based on our AW—logarithmic difference estimate 

( 1 . 12 ) m(^r, = o{T{r, /)) 

holds for |x| = r “almost everywhere”. 

Similar estimates for the simple difference operator A/(x) = f{x + r]) — f(x) for a 
fixed 17 0, were obtained by Chiang and Feng in [18], [19], and by Halburd and Ko- 

rhonen | 21 j independently in a slightly different form for finite-order meromorphic 
functions. Halburd and his associates showed the same for the case of g—difference 
operator Ag/(x) = f{qx) — /(x) in [7] for zero-order meromorphic functions, whilst 

^The authors are grateful for the referee who pointed out this information. 
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Cheng and Chiang [13] showed that a similar logarithmic difference estimate again 
holds for the Wilson operator. 

There has been a surge of activities in extending the classical Nevanlinna theory 
which is based on differential operator to various difference operators in recent 
years such as the ones mentioned above. The idea has been extended to tropical 
functions |2l], [35]. The original intention was to apply Nevanlinna theory to study 
integrability of non-linear difference equations m, [22] 1. But as it turns out that 
difference type Nevanlinna theories have revealed previously unnoticed complex 
analytic structures of seemingly unrelated subjects far from the original intention, 
such as the one represented in this paper. 

This paper is organised as follows. We will introduce basic notation of Nevanlinna 
theory and Askey-Wilson theory in §2. The AW—type Nevanlinna second main 
theorems will be stated in 1}3| and [JT] The definition of AW—type Nevanlinna 
counting function is also defined in 1|7J The proofs of the logarithmic difference 
estimate (11.121) and the truncated form of the second main theorem are given in 
Ijll and 1]7| respectively. The AW—type Nevanlinna defect relations as well as an 
AW—type Picard theorem are given in l[8l This is followed by examples constructed 
with arbitrary rational AW—Nevanlinna deficient values in l[9j We characterize the 
transcendental functions that belongs to the kernel of the AW—operator in IflUl 
These are the so-called AW—constants. We also illustrate how these functions are 
related to certain classical identities of Jacobi theta-functions there. It is known 
that the Askey-Wilson orthogonal polynomials are eigen-functions to a second-order 
linear self-adjoint difference equation given in [6] . In 9111 we demonstrate that if 
two finite logarithmic order meromorphic functions such that the pre-images at five 
distinct points in C are identical except for an inhnite sequences of the form as given 
in (HU), then the two functions must be identical, thus giving an AW—Nevanlinna 
version of the well-known unicity theorem. We study the Nevanlinna growth of 
entire solutions to a more general second-order difference equation in 9121 than the 
Askey-Wilson self-adjoint Strum-Liouville type equation using the tools that we 
have developed in this paper. 

2. Askey-Wilson operator and Nevanlinna characteristic 

Let f{x) be a meromorphic function on C. Let r = |a:|, then we denote log^ r = 
maxjlogr, 0}. We define the Nevanlinna eharacteristic of f to be the real-valued 
function 

(2.1) T{r, /) := m(r-, /) -h N{r, /), 
where 

(2.2) m(r,/) = / log+|/(re*®)| d6», N{r,f)=f dt 

Jo Jo f 

and n(r, t) denote the number of poles in {|x| < r}. The real-valued functions 
m(r, f) and N{r, /) are called the proximity and integrated counting functions re¬ 
spectively. The characteristic function T(r, /) is an increasing convex function of 
logr, which plays the role of logM(7’, /) for an entire function. The first funda¬ 
mental theorem states that for any complex number c G C 

r(r, c) := r(r, = T(r, /) + 0(1) 


(2.3) 
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as r —+ 00 . We refer the reader to Nevanlinna’s [40] and Hayman’s classics [25] 
for the details of the Nevanlinna theory. 

We now consider the Askey-Wilson operator. We shall follow the original no¬ 
tation introduced by Askey and Wilson in (see also alternative notation in |28l 
p. 300]) with slight modifications. Let f{x) be a meromorphic function on C. Let 
X = cos 6. We define 


(2.4) f{z) = f{{z+ l/z)/2) = f{x) = f (cose), 2 = 6*^ 


That is, we regard the function f{x) as a function f{z) of e*® = z. Then for x ^ ±1 
the (/—divided difference operator 


(2.5) 




8qX 


e(g2e®®) — e((/“2e*®) 


z = e 


i9 


where e{x) = a; is the identity map, is called the Askey-Wilson divided difference 
operator. In these exceptional cases, we have (T>q/)(±1) = lima;_>.±i (T>qf^{x) 

X^±l 

= q~^)/2) which is well-defined instead. It can also be written in the 

equivalent form 


( 2 . 6 ) 




fjqh^O) - f{q-ie^^) 
{qi - q~i){z - llz)l2' 


X = {z 1/-2)/2 = COS0. 


Since there are two branches of z that corresponds to each fixed x, we choose a 
branch of z = x -I- \/x^ — 1 such that \/x^ — 1 ~ x as x —?► oo and x ^ [—1, Ij. 
We define the values of z on [—1, 1] by the limiting process that x approaches the 
interval [—1, 1] from above the real axis. Thus, z assumes the value z = x-\-Wl — x^ 
where x is now real and |x| < 1. So we can guarantee that for each x in C there 
corresponds a unique z in C and z —>■ oo as x —>■ cx). Finally we note that if we 
know that /(x) is analytic at x, then 


lim { Vqf ){ x ) = /'(x). 


We can now define a polynomials basis 
(2.7) (j)n{cos0-,a) := (ae*®, ae“*®; q)n 


n — 1 

]^(l - 2axq'^ + a^q^^f 

k=0 


which plays the role of the (1 — x)" in conventional differential operator. Askey 
and Wilson |S] computed that 


(2.8) Vq(t)n{_x\ a) = - ^ ^ (/>n-i(x; a(j"), 

for each integer n > 1. Ismail and Stanton [^ established that if /(x) is an entire 
function satisfying 


(2.9) 


lim sup 

r—foo 


logAf(7-, /) 
(log r)2 


= c < 


1 

2\og\qy 


where M(r, /) := iB.ax.\x\=r \fix)\ denotes the maximum modulus of /, then one 
has 


( 2 . 10 ) 

oo 

f{x) = fk,<i> (ae*®, ae“*®; q)k, fk, 0 


(g- 1 )^ 
( 2 a)'=(g; q)k 
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where the fk,4i is the k—thTaylor coefficients and the Xk is defined by 
( 2 . 11 ) Xk ■ = + q ''/^/a)/ 2 , /c > 0 . 

We note, however, that the interpolation points Xk HH) are those points with k 
being even. 

We record here some simple observations about the operator 'Dq acting on mero- 
morphic functions, the proof of which will be given in the Appendix We first 
need the averaging operator [28l p. 301]; 

(2-12) iAqf ){x) = i [fiqh) + fiq~h)]. 

Theorem 2.1. Let f be an entire function. Then Aqf and "Dqf are entire. More¬ 
over, if f{x) is meromorphic, then so are Aqf and 'Dqf. 

The useful product/quotient rule [28l p. 301] is given by 

(2.13) -Dqif/g) = {Aqf){Vql/g) + {Aql/g){Vqf). 

Since we consider meromorphic functions in this paper so we extend the growth 
restriction on / from (12.91) to those of finite logarithmic order |14j , defined by 

\os.T(t f) 

(2.14) hmsup = ^iog(/) = ^log < + 0 O. 

It follows from an elementary consideration that the logarithmic order i 7 iog(/) > 1 
for / transcendental, except for rational functions or constant functions for which 
we have aiog < 1. We note that the growth assumption in (12.91) is a special case of 
our (|2.14p . 

Now let us suppose that f{x) is a meromorphic function that satisfies (|2.14p . 
then / has order zero (in the proper Nevanlinna order sense (see [25])). It follows 
from a quotient representation result by Miles [38] that / can be represented as a 
quotient f = g/h where both g and h are entire functions that again satisfy (12.141) . 
Thus the Askey-Wilson operator is well-defined on the class of slow-growing finite 
logarithmic order meromorphic functions. We refer the reader to 0 , m. i and 
[26] for further properties of slow-growing meromorphic functions. 

3. Askey-Wilson type Nevanlinna theory - Part I: Preliminaries 

Nevanlinna’s second main theorem is a deep generalisation of the Picard theorem. 
Nevanlinna’s second main theorem implies that for any meromorphic function / 
satisfies the defect relation X)cec'^(‘") — That is, ii f / a, b, c on C, then 
(5(a) = 5{b) = S{c) = 1. This is a contradiction to Nevanlinna’s defeat relation. 
The proof of the Second Main Theorem is based on the logarithmic derivative 
estimates m{r, /'//) = o{T{r, /)) which is valid for all \x\ = r if / has finite order 
and outside an exceptional set of finite linear measure in general. We have obtained 
earlier that for a fixed g / 0 and any finite order meromorphic function / of finite 
order a, and arbitrary e > 0 the estimate m(^f [xg)/f (x)') = [TH] valid 

for all jxj. Halburd and Korhonen [21] proved a comparable estimate independently 
for their pioneering work on a difference version of Nevanlinna theory [22] and their 
work on the integrability of discrete Painleve equations [23] . Here we also have a 
PAN —logarithmic difference lemma: 
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Theorem 3.1. Let /(x) he a meromorphic function of finite logarithmic order triog 
i2.14\) such that Vqf ^ 0. Then we have, for each e > 0, that 


(3.1) m(r, = 0((logr)-'--i+^) 

holds for all |x| = r > 0 outside an exceptional set of finite logarithmic measure. 

This estimate is crucial to the establishment of the Nevanlinna theory in the 
sense of Askey-Wilson put forward in this paper. The estimate follows directly 
from the following pointwise estimate. 


Theorem 3.2. Let f{x) he a meromorphic function of finite logarithmic order triog 
such that Dqf ^ 0. Then we have, for each e > 0, that 


(3.2) 

holds for all |x| 


log+ 


(PJ)(^) 


0((logr)‘"'°*-i+^) 


r > 0 outside an exceptional set of finite logarithmic measure. 


We will prove this theorem in section )j4l 

Theorem 3.3. Let f he a meromorphic function of finite logarithmic order triog. 
Then, for each e > 0, 


(3.3) N{r, Vqf) < 2N{r, f) + 0((log+ O(logr). 

We shall prove this theorem in 3S1 

Theorem 3.4. Let f he a meromorphic function of finite logarithmic order triog. 
Then, for each £ > 0, 

(3.4) T{r, Vqf) < 2T{r, f) + 0((logr)'^--i+") + 0(log r). 

In particular, this implies 

(3.5) (Jiogi'Dqf) < friog(/) = triog. 

Proof. We deduce from Theorem 13.11 and Theorem 13.31 that 

T{r, Vqf) < m(r, + ’^(a /) + N{r, Vqf) 

< m{r, f) + 2N{r, f) + 0((logr))'^‘°® + O(logr) 

< 2T{r, f) + 0((logr)‘^'°®“^+®) + O(logr), 

as required. □ 

We are now ready to state our first version of the Second Main Theorem whose 
proof will be given in ^ 

Theorem 3.5. Suppose that f{z) is a meromorphic function of finite logarithmic 
order triog (|2.14l) such that Vqf ^ 0. Let Ai, A 2 ,--- , Ap {p > 2), be mutually 
distinct elements in C, then we have for every £ > 0 

p 

(3.7) m{r, /) + ^ m(r, A„) <2T{r, f)- 2flAw{r, f) + 0((log 
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holds for all r = |x| > 0 outside an exceptional set of finite logarithmic measure, 
where 

(3.8) f) := 2N{t, f) - N{r, V,f) + 7v(r, . 


4. POINTWISE LOGARITHMIC DIFFERENCE ESTIMATE AND PROOF OF THEOREM 13.21 

We recall the following elementary estimate. 

Lemma 4.1 ([18jl. Let a, 0 < a < 1 6e given. Then there exists a constant Ca > 0 
depending only on a, such that for any two complex numbers xi and X 2 , we have 
the inequality 

OL 


In particular, Ci = 1. 


(4.1) 


log 




Xi — X2 


X2 


X 2 — Xi 


Xi 


Theorem 4.2. Let f{x) he a meromorphie function of finite logarithmie order triog 
wm such that T>qf ^ 0 and a is an arbitrary real number such that 0 < a < 1. 
Then there exist a positive constant Da such that for 2{\q^/‘^\ + |g“^/^|)|a;| < R, we 
have 


(4.2) 

log+ 


{T^qf)i.x) ^ AR{\q^/^ -l\ + \q - 1 |) | 




< 


{R-\x\)[R-2{\q^n\ + \q-^/^\)\x\] 

1 


{m[R, f) +m{R, i)) 


+ 2(|gl/2 - 1| + \q-^/^ - l|)|x| + ^_2(|5i/2|V|g-i/2|)|^|) 


— |x| R — 

+ Da (|g'/" - ir + Ig-'/" - ID log“‘^'-(|x| + 3)(n{R, f) + n{R, i)) + log! 



holds for \x\ outside an exceptional set of finite logarithmic measure. 


Proof. We start by expressing all the logarithmic difference in terms of complex 
variables x as well as in z in the Askey-Wilson divided difference operator. So it 
follows from (12.6|) that 

(4.3) 


fix) 


/(g2e*®)-/(g ^e*®) 


X = {z + 1! z)l2 = cos 0 


f{x){q 2 -q l){z-lfz)l2' 

/[(gi/ 2 ^ + g-i/D-i)/2] - /[(g-VD + q^/^z-^)/2] 


fix){ql-q ^^)(z-\lz)l2 

1 (fj^ 


g-i/D-i)/ 2 ] 


f[iq 


- 1/2 


z + q 




)/2] 


(g 2 -q l){z- llz)l2 I 


fix) 


fix) 


where we recall that we have fixed our branch of z for the corresponding x in the 
above expressions. Let 


(4.4) 


c(g) = (g - q^l'^)l 2 . 
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We deduce from (j4.3p that, by letting \x\ and hence \z\ to be sufficiently large 


(4.5) 

log"* 




fix) 

+ log"*" 


< log^ 

/[(? 


{q-^ -q--^){z-l/z)/2 


log^ 


/[(gi/ 2 ^ + ^-i/ 2 ^-i)/ 2 ] 


- 1 / 2 , 


R/ 2^-1 


)/ 2 ] 


fix) 

f[iq^/^Z + q 


< log+2/|c(g)z| +log+ 

/[(g-i/ 2 z + g-'*z 


+ log2 

-i/ 22 - 1 )/ 2 ] 


ffilog"' 


fix) 

1 / 2 ^- 1 )/ 2 ] 


fix) 


+ log 2 


fix) 



/[(gi/2z-Pg ^/^z ^)/2] 



f[iq ^/^z + q^/^z i)/2] 

log 

fix) 


log 

fix) 


log 2 


For |a;| and hence \z\ to be sufficiently large, 

(4.6) 

\{q^^/^z + g^'/^^-')/2| = \q^^/^x + - g±'/^)z-V2| < 2\q^^^^x\ < R. 


It is obvious that \x\ < R. We apply Poisson-Jensen formula (see e.g., [531 P- 1]) to 
estimate the individual terms on the right-hand side of the above expression (14.51) . 
Thus, 


/[(gV^z + g-V^z-i)/ 2 ] 
fix) 


log 


/[(gi/^z + g 


-l/ 2 ^-l 


)/ 2 ] 


log I/(x)I 



log|/(i?e*'^)|5i( 


R(A4> + (gi/2_j + g-i/22-i)/2\ 

Re^<f> - {q^/'^z + g-i/2z-i)/2J 


d4> 


1 -I- T \ 


+ 


R?— b^j,{q^/'^Z + q ^I'^Z ^)/2 
i?[(gi/2z + g-i/2z-i)/2-6^] 


E log 

|ai.|<.R 


i?2-a,(gi/2z + g-i/2z-i)/2 
i?[(gi/2z + g-i/2z-i)/2-a,] 


E 

|b^|<R 


— bfj^x 

Rix - b^) 


E log 

|ay|<i? 


R? — a^x 
R{x — a^) 


log 
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That is, 
(4.7) 


log 


/[(gV^z + g-V^^-i)/ 2 ] 


f{x) 


p27Z 


27r 


log |/(i?e 


+ 

- E log 

- ^ log 

\aiy\<R 

+ log 

/*27r 


R ^ i<p (51/22 + 5-1/2^-1 _ 2a;) 

(i?e*/’ — x)[i?e®/’ — + g-i/ 2 z-i)/ 2 ] 

i? 2 - 6 ^( 51 / 22 + 5-i/2^-1)/2 


) d*/* 


i ?2 — h^x 


i?((gi/ 2 z + (7-i/22-i)/2-6^) 


i?(x - h^) 

i? 2 -a,(ql /22 + 5-l/22-l)/2 


i ?2 — ayX 

i?((gi /22 + 5-i/22-i)/2-a,) 


i?(x — ajy) 

— f log |/(^e*'^) _ j7e [ 2 (g / - 1 ) x + (g _ ! - g ! )z _^_ 

2 ttJo 1' V(i7e*/--x)[i?ei'^-(gi/2a;+(5-1/2 _ 51/2)2-1/2)] 

R^-b^[q^^^X+{q-^/^-q^/^)/2z-^] 


+ log 

- E log 

- ^ log 

\ai,\<R 

+ log 

\ai^\<R 

/*27r 


i?2 — bfj_X 


[q^/'^x + {q — (7^/^)/2 z ^] — 

(a; - bf,) 

E? — (iu [q^^'^x + — (7^/^)/2 z“^] 


i ?2 — ai,a; 

[q^/'^x + — ( 7^/^)/2 z“^] — 


(a; - Oj.) 


1 r log i/(R.‘*) 1 + 2 fe-*[+»-i)x+c(,)o-] 

271 Jo ^ (i?e*'^ — x)[i?e®/’ — {q^l'^x + 0 ( 5 ) z“^)] / 


+ XI log 
- X log 

\ai,\<R 


R'^-bfj,[q^/‘^x + c{q)z 


i?2 — 


R^ — av[q^^^x + c{q) z 


i ?2 - 


a^x 


- X log 

!VI<-R 

+ X log 

|ay|<i^ 


[q^/'^x + c{q) z ^] - 6 p 


x-b^ 

[q^/'^x + c(q) z“^] - a, 


X - 


where we have made the substitution (14.41) . We let |a:| and hence |z| be sufhciently 
large, so we may assume that 

|c(g)z-i| < min(|g-i/2^|, 151/2^/ 1(51/2 _ ^)^|^ |(^-i/2 _ i)^|) 


in the following calculations. 
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We notice that the integrated logarithmic average from (j4.7ll has the following 
upper bound 


(4.8) 


n27r 


T,L 


< 


2 Re’''^ — 1) X + c{q) z 

— {q^l'^x + c{q) z~^)] 

4i?|gi/2 _ i^-i 

{R-\x\){R-2\qy^x\) 


< 


, “flf'-CIl Ur, n+m{R i)). 

{R-\x\){R-2\q^/^x\) \ ^ /V 


d(j) 


Hence 

(4.9) 

log 


/[(gi/ 2 ^ + g-i/ 2 ^-i)/ 2 ] 


< 


fix) 

AR\q^/'^ -l\\x\ ( , s , 

{R - |T|)(i? - 2|gi/2^|) ^ 

R^ - b^[q^/'^x + c{q) z~^] 


+ E 

| 6 mI<-R 

+ E 

\au\<R 


log 

log 


— b^x 


E 

IVI<« 


[q^/'^x + c{q) z ^]-b^ 


■ — bn 


R"^ - a^[q^/‘^x + c{q) z 

, V 


+ c(g) z ^]- ay 

R^ — dvX 

\ai,\<R 

log 

X — ajy 


Applying the Lemma l4 .1 1 with a = 1, to each individual term in the first summand 
of (14.91) with 16^ I < R yields 


(4.10) 


log 


R^ — b^[q^^‘^x + c{q)z 


— b^x 


< 


bij.[i^-q^^^)x-c{q)z 1]) 


b^^ii^-q^^^)x-c{q)z 1]) 

+ c(g)z“i] 


— bfj,x 


2 i?|l — g^/^||a;| 2i?|l — 


i?2 - 2i?|gi/2a;| R2 _ i?|a 


1 


.i?-|a;| i?- 2 |gi/ 2 a;| 

Similarly, we have, for the third summand that for |a^| < i?. 


log 


R^-d,[q^/^x + c{q)z-^] 


R? — a^x 
1 


2 |<Z^/" l|kl(^_ 1^1 + ^_ 2 |^i/ 2 ^|) 


(4.11) 
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Again applying the Lemma 14.11 with 0 < a < 1 to each individual term in the 
second summand of (j4.7l) yields 


(4.12) 


log 


q^l'^x + c{q)z ^ 


- bn 


<a 


< 


— l)x + c{q)z ^ — l)x + c{q)z ^ 


( q^/'^x + c{q)z~^ — bf^ 

V la; — On 


x-bn 


\{q^/'^x + c{q)z 


Similarly, we have, for the fourth summand. 


(4.13) 


log 


g^/^a; + c{q)z ^ - a^. 


X — Qj, 


<2c^{\q^/^-inxn(- — ^-— + 
V a; - a,4“ 


-aj.|“ \{q^l'^x + c{q)z-'^ - av\ 


0 ^ 


Combining the inequalities (14.9|) . (I4.10H4.13)) yields 


log 


/[(gi/2^ + q-i/2^-i)/2] 


< 


fix) 

4i? — 1| |a;| 


+ - 'll"' (tT^ + fi-2|,-/^x| ) 7') 

+ 2C„(|9‘''^-1|“|i|“) Y1 (|i_a„|« + l(oi/% + cfol2-i -o„l“) 


(4.14) 


\ au\<R 


+ 2C4k'/^ ir|a;r) ^ J 

{R-mR-lllXi] 7 ^) 


2 |gi/ 2 -i||^|( 


i? — |a;| R — 


W7^) (”<'*• 7>) 


, V kr - c„ r 


|c„|<fl 


\{q'^/'^x + c{q)z ^-Cn 


where we have re-labelled all the zeros {a^} and poles {&^} by the single sequence 









































NEVANLINNA THEORY & ASKEY-WILSON OPERATOR 


15 


Replacing g by g ^ in the (I4.14L we obtain for |a;| sufficiently large 
(4.15) 

f[{q-^/^z + q^/^z-^)/2] 


log 


< 


fix) 

— 1| |a:| 


(R - |i|)[l! - 2 | 5 -i/%|| (1 ’ h ^ 1 ^’ ff 

+ + R-2|)-V.x| ) (’*<-"' ?’) 

+2c.(i,-'/=-inxn j;: (irTTT + 


|Cn|<-R 


x-Cn\°^ |(g-i/2a; - c(g) 2 -i - c„ 


Substituting the (14.141) and (I4.15|) into ()4.5I) yields 
(4.16) 


log 


iVJ){x) ^ 4 R(|gi/ 2 _i| + |g-i/ 2 _i|)| 


i| + |g - i|j |a;| ( 1 ^^ 

2 (|,i/ 2 | + |,-i/^|)|x|| h + ’»(«. j)) 


f{x) {R-\x\)[R-\ 

+ 2(|,‘/= - 1| + - l|)l»^l(7r^ + j;_ 2(|,./2|V|,-./2|)|,| ) (’■<'*• fl + j)) 

+2c„(i?‘'"-ir + i<i-'''“-ir)kr) i; . _* .. 


|c„|<R 


+2c^{\q-^/^-inxn Y. 1^2, -1/2 ^-1 — 

I^^^F + c(g)g - g 

+ 2C'4i<?'/^-in^r) E I— 2,1/2 ^-1 —w^+log2 

1^^^ F - c(g)gl/22; l_gl/2c„|« 

In order to give an upper bound estimate for the last three summands of the 
above sum, we need to avoid exceptional sets arising from the sequence given by 


Let 


(4.17) En = <r : r G |d„| - 


and 


{(i„} = {c„}U{c„g^/^}U{c„g ^/^}. 

\ dn \ 


log'"'°«(|d„| +3)^ 


\ dn \ + 


\ dn \ 


log‘"'°«(|d„| + 3) 


E = UnEn. 

Henceforth we consider the \x\ ^ E. It is not difficult to see the inequality 

\x\ 


(4.18) lx - d„| > ||a;| - |d„|| > 
holds for all |x| sufficiently large. Thus 

(4.19) 


1 ^ 2" log“"‘°«(|x| + 3) 


|c„|<R 


|x - C„|^ 


21og‘^'°®(|x| +3)’ 

(n{R, /) + n(R, i)). 
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Similarly, we have 






Cn\>\x-q - |c(g)g 


(4.20) 

and 

(4.21) 


> a; 


> 


-lg-i/2c„||-|c(g)g-i/2^-i| 


> 


21og'"'°«(|a;| +3) 
\x\ 


- |c(g)g’ 


- 1 / 2 - 1 , 


31og'^'°s(|a;| + 3)' 
\x - c{q)(^l'^z~^ - > 


31og‘"‘°«(|a;| +3)' 


holds for I a: I sufficiently large. Hence 

(4.22) 

_1_^ 3^ log"*^*”*^ (|a;| + 3) ^ , , , 1. \ 

IcSk + c(g)Q-V2^-i - g-i/2c„|« - |a;|“ /^) 

and 

(4.23) 

E 


1 


< 


3“log“'^‘-(|a:|+3)/ 1,^ 

- ^ -(n(R, /) + n(R, -)J . 


|c„|<fl “ c{q)q^/'^z-^ - q^/‘^c„ 

We obtain from (14.161) . after substituting (I4.19L (14.22114.23)) . the desired inequality 
(IT^ with Da = 4Ca3“. 

We now compute the logarithmic measure of E. To do so, we first note the 
elementary inequality that given (5 > 0 sufficiently small, there is a positive constant 
Cs so that 


(4.24) 


log < Cst 


for Q < t < 5. We assume, in the case when there are infinitely many {d„} 
(otherwise, the logarithmic measure of E is obviously finite), they are ordered in 
the increasing moduli. Then we choose an N sufficiently large such that 

(4.25) ^ 


Hence 


log-meas E = 


log‘"‘°*|dAr| 
f dt 

'Enli,+oo) i 

f dt 


< 6 . 


dt 


/Enfi, MnI] ^ ^En[|dN|.+oo) t 

dt 


< logldivl + ^ 


oo 


t 


1 mil 1 /I + l/log'^‘°®|dn| 

S °®Vl-l/l0E‘^'°*|d„|J 

oo 

< log \dN\ + Cd E 


2 = N 


-l-l/log‘"''>*|(i„ 

1 

log'"'°® |d„| 


< oo. 
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□ 


Proof of Theorem \S.2i We have 

n{t, f) - n(0, /) 


N{R^ f)> [ 

Jr 

(4.26) 1 r 

> n{R, f) / -dt-n(0, /) / 

J Ft ^ 'J F 


> /) logi?. 


dt + n(0, /) logi?^ 
y +n(0, /)logi?^ 


Hence given e > 0, 

(4.27) 


i{R, /) < 


iV(i?2, /) 


logi? 

= 0(log‘"‘°«"^+ii?) 


C>[(log i?2)'^i°«+f] 
logi? 


Similarly, we have 

(4.28) n(i?, y) = 0(log‘"'°®”^+5 i?). 

We now choose a = and substitute |a;| = r, i? = r logr into Theorem 14.21 to 
obtain the (j3.2l) . □ 

5. AsKEY-WiLSON type counting functions AND PROOF OF THEOREM 13.31 


We need to set up some preliminary estimates first. 

Let g : C —> C be a map, not necessary entire. Let / be a meromorphic function 
on C and a G C, we define the counting function n{r, f{g{x)) = a) to be the number 
of a—points of /, counted according to multiplicity of / = a at the point g[x), in 
{(/(x) : |x| < r}. The integrated counting function is defined by 


(5.1) 


1 r = a)-n{0, f{g{x)) = a) 

N[r, fig{x)) =a)= ^ 


dt 


«(0, f{ 9 {x)) = a) logr. 


For z = e*®, we shall write (12.51) in the following notation 


(5.2) 
where 

(5.3) 


.= /(g"e'^)-/(g ^ fjiq) - fjiq) ^ /(x) - f{x) 

^ ^ ■ e(g^e*®) - e(g“5e*®) Xq - Xq x-x 

. . + 9-1/2^-! Q-l/2^ + ql/2^-l 

X = Xq-.= - - -, X = Xq:= - - -. 


Note that the maps x and x are analytic and invertible {x = x = x) when |x| is 
sufficiently large. 

The Theorem 13.31 is a direct consequence of the following Theorem. 


Theorem 5.1. Let f be a meromorphic function of finite logarithmic order (j\o^{f) > 
Then for each extended complex number a G C, and each e > 0, we have 

(5.4) N{r, f{x) = a) = N(r, f{x) = a) + 0((log7’)‘^'°*“^'''®) +0(logr). 
and similarly, 

(5.5) N(r, f{x) = a) = N(r, f{x) = a) + 0((log+ O(logr), 
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(5.6) A^(r,/(x) = a) = 7V(r,/(x) = a) + 0((logr)'^‘°* + O(logr). 

Here the meaning of N[r, f{x) = a) is interpreted as taking g{x) = x mentioned 
above. The expressions N(r, f{x) = a) and N(r, f{x) = a) have similar interpre¬ 
tations. 

Proof. We shall only prove the (15.41) since the (15.51) and (15.61) can be proved similarly. 
Let be a sequence of a—points of /, counting multiplicities. 

Recall that for |x| and hence \z\ to be sufficiently large we have x = x = x. 
Therefore, there exists a sufficiently large M > 1 and for r > M, 

(5.7) 

Arr \ r n{t, fix) =a)-n{0, fix) =a) 

Nir, fix) = a) = / ---dt+ n(0,/(x) = a) logr 

Jq ^ 

nit, fix) =a) - n(0, /(x) = a) r nit, fix) = a) - n(0, /(x) = a) 


pM 


• dt -\- 


dt 


f M 


n-iO, fix) = a) logr 
n(t, fix) = a) 


dt + O(logr) 


M ^ 

I"' njt, fjx) = a) - n(M, f(x) = a) 

M 


t 


dt + 0(log r) 


= log—r+ 0(logr) 

k^u 

M<|a,,|<r ' 

by the definition (15.11) . Then 

|iV(r, fix) =a) - 7V(r, /(x) = a) \ 
r 
\a 


—I +«(0,/(a;) = a)-logr- ^ log —-r + 0(logr) 

0<|a,i|<r ^ M<|a,,|<r ^ 


E E log^+0(logr) 


\CLij\ \Clii\ 

M<\a,,\<r ' M<|a,,|<r ' 


(5.8) ^ 


M<|a,i |<r, 
M<\a,j,\<r 




r 

la,. 


+ 


E 


log- 


M<\a,j,\<r, 
|a,^|>r or |a,^|<M 


E log-^+0(logr) 


M<\a,j,\<r, 
|a,i|>'r or \a,j,\<M 


^ E 

M<|a,_.|<r, 

M<\a,j,\<r 


log 



df_i 


Let us write 

(5.9) 
where 

(5.10) 


+ E E —r + O(log0- 


X = q ^I'^x + riix). 


rjix) = 


2 (x + \/x2 — 1) 
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which clearly tends to zero as x —>■ oo. Thus, there exists a constant h > 0 such 
that 


(5.11) 


|?7(x)| < h 


for all sufficiently large |x|. Thus, it follows from Lemma l4Tl with a = 1, ()5.9I1 and 
(15.111) that for M < |a^|, M < |a^|. 


(5.12) 


log 


— 

log 


a-fj. 




q ^/^a^ + ?7(a^) 


log 


7 


+ log 


q ^/^a^ + 77(a^) 


7 - 1 / 2 , 


< |log|g-i/2|| + 

< \log\q-^/^\\ + 


via,,) 


Via-f,) 



9 - 1 / 207 , + 77 ( 07 ,) 


|9-i/2|| 


a„ a. 


Let 

(5.13) 

Then, 

(5.14) 

Similarly we have 

(5.15) 




M 


E 


M<\aij,\<r, 

M<\afj,\<r 


log 





< C ■ 


E 1 


' M<\a^\<r, 
M<\a^\<r 


M<\a^\<r, ' M<\ai_,\<r, ' ^ M<\a^\<r, 

|a,i|>r \aij,\>r |o/i|>'>' 


and 

(5.16) 


E E 1 ■ 




M<\a^\<r, 


Combining the (15.Sp . (15.141) . (15.151) and (15.161) yields 
(5.17) 


|iV(r,/(x) = a) - iV(r,/(x) = a)| < c r ^ 1+ ^ l'j+0(logr). 


M<\a^\<r M<\a^\<r 


For M < 10,7,1 < r and r large enough and taking into account of the (I5.11L 
(5.18) Iot,! < Ig^^^OT,! + \viaf,)\ < 2|g^/^|r. 
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This together with (j5.17|) and an inequality similar to ()4.27|1 imply that, for every 
e > 0, we have 


(5.19) 


|iV(r, f{x) = a) - N{r, f{x) = a) \ 

XI 1+ X l^+0(logr) 

n(r, j{x) = a) + n(2|gi/^|r, j(x) = a) 


= 0((logr)) 

This completes the proof. 


^log l~l”^ 


O(logr). 


0(log r) 


□ 


The above estimate should be compared with the estimate of A^(r, f{x + r])) = 
N{r, f{x)) + obtained by the authors in [THl Theorem 2.2] for a mero- 

morphic function of finite order cr, where 77 is a fixed, though arbitrary non-zero, 
complex number. 


6. Proof of the Second Main theorem 13.51 

We shall follow Nevanlinna’s argumeni0by replacing the f'{x) by the AW—operator 
T^qf [iQl pp. 238-240]. The methods used in [7] and [23] were based on Mohon’ko’s 
theorem (see |34l P- 29]). We let 


( 6 . 1 ) 


F{x):= 


P 

X' 


/(x) - 


We deduce from [^ p. 5] that 


( 6 . 2 ) 


m(r, F) = TO^r, FVqf ■ 



1 


) +m(r, 


f-Aj- 


On the other hand, for a given /r amongst {1, • • • ,p} we write F in the for 


(6.3) 


F{x) 


1 

f{x) - Af, 





fix) - 
fix) - A^J' 


Let S = min{jA/i — Afcj, 1} whenever h k. We follow the argument used by 
Nevanlinna |40l pp. 238-240] to arrive at the inequality 

^ 2p 

TO(r, F) > ^TO(r, A^) -p\og — - log3. 

Combining this inequality with (|6.2p yields 

(6.4) m{r, > ^m(r, A^) - m[r, ^ -log3. 

^—1 ^—1 J 


^According to |40l pp. 238—240] Nevanlinna proved the original version of (I3.7II for p = 3 in 
1923 and the general case for p > 3 for entire functions was due to Collingwood in 1924 m- 
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Let us now add N(r, l/'Dqf'j on both sides of this inequality and utilizing the first 
main theorem [39] (see also [25] and [40]), we deduce 

(6^5) T(r, V,f) = T{r, + 0(1) = + Al(r, + 0(1) 


'!■' v=l i/=l ■' 


-Dqf 


But is it elementary that 

(6.6) T(r, Vqf) = m(r, Vqf) + N{r, Vqf) 

< N{r, Vqf) + m{r, Vqf/f) + m{r, /). 

Eliminating the T{r, Vqf) from the inequalities (16.6|) and (16.51) . adding m(r, /) on 
both sides of the combined inequalities and rearranging the terms yield 

(6.7) 

P . 

Mr, /) +j^m(r, A^) < 2T{r, /) - {2N{r, f)-N{r, Vqf) + N(r, ^-7)) 


+ rn(r, + m(r, ^ ) + 0(1). 




f 

The inequality (13.7p now follows by noting the 




Theorem 13. H and the (13.81) . 


" {Vq){f-A,) 


V=1 


f-A, 




U=1 


iVq)(f-A,) 

f-A, 


). 


□ 


7. Askey-Wilson type Second Main theorem - Part II: Truncations 

We recall that in classical Nevanlinna theory, for each element a, the counting 
function h(r, j^) counts distinct a—points for a meromorphic function / in C can 
be written as a sum of integers “h — fc” summing over all the points a: in {|a:| < r} 
at which f{x) = a with multiplicity “h”, and where “k {= h— 1)” is the multiplicity 
of f{x) = 0 where f{x) = a. We define an Askey-Wilson analogue of the n{r, /). 
We define the Askey- Wilson-type counting function of / 


(7.1) 


nAW {r, f = a) = uaw r, 


/ - a 


to be the sum of integers of the form “h — k" summing over all the points x in 
{|x| < r} at which f{x) = a with multiplicity “h”, while the k is defined by 
k := min{/i, k'} and where “A:'” is the multiplicity of Vqf{x) = 0 at i. Similarly, 
we define 

(7.2) RAW {r, f) = RAW ijr, f = 00 ) = haw (^r, J = 


to be the sum of integers ^‘h—k”, summing over all x in |x| < r at which (l//)(a:) = 
0 with multiplicity “h”, k := min{/i, fc'} and where “k'” is the multiplicity of 
Vq { l / f ){ x ) =0 at X. 
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We define the Askey-Wilson-type integrated counting function of f{x) by 


(7.3) 

Naw {r, f = a) = Naw ( r, - - 

V / -« 


fi-AW {t, f 


nAW ( 0 , / 


a) - fiAw ( 0 , / 

t 

■- a) log r, 


a) 


dt 


and 

A\ AT ! c\ r ^AW {t, f) - nAW {0, f) ~ rn 

(7.4) Naw [r, f) = / - - - dt + haw (0, /) logr. 

Jo ^ 

The (17.31) and (17.41) are respectively the analogues for the N{r,f = a) and N (r, /) 
from the classical Nevanlinna theory. 

We are now ready to state an alternative Second Main Theorem in terms of 
the AW—type integrated counting function defined above. The theorem could be 
regarded as a truncated form of the original Second Main Theorem, the Theorem 

13.51 


Theorem 7.1. Suppose that f{z) is a non-constant meromorphic function of finite 
logarithmic order (Tiog(/) > 1 as defined in |il. 7/^| ) such that Vqf ^ 0, and let 
Oi, 02, • • • , Op where p > 2, be mutually distinct elements in C. Then we have, for 
r < R and for every e > 0, 


^ p ^ 

(7.5) (p - 1 + o(l))r(r, /) < Naw {r, f) + ^ Naw (r, / = a^.) + 5'iog(r, e; /) 

where S'iog(r, e; /) = 0((logr)'^>°«“^+®) + O(logr) holds outside a set of finite 
logarithmic measure, where Naw (*', f = o- it) and Naw (?', /) are defined by 
and Q, respectively. 

This truncated form of the Second Main Theorem leads to new interpretation of 
Nevanlinna’s original defect relation, deficiency, etc, and perhaps the most impor¬ 
tant of all, is a new type of Picard theorem gears toward the Askey-Wilson operator. 
We will discuss the functions that lie in the kernel of the AW—operator in 1?TU1 We 
note that Halburd and Korhonen [22] was the first to give such a truncated form 
of a Second Main theorem for the difference operator Af{x) = f{x-\-ri) — f{x). 
However, both the formulation of our counting functions NAwi^) the method 
of proof differs greatly from their original argument. 

Proof of the Theorem [m We are ready to prove the Theorem I7.1[ Adding the 
sum 

p 

(7.6) N{r,f) + Y,N[r,f = a,) 

on both sides of (|3.7p and rearranging the terms yields 

(7.7) 

p 

(p-l-ko(l)) r(r, /) < N{r, f)-\-^N{r, f = ai,)-DlAw(c,/)-kO((logr)'^'°«”^+^) 
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holds for all \x\ = r > 0 outside an exceptional set of finite logarithmic measure. It 
remains to compare the sizes of (17.6|) and 

_ p ^ 

(7.8) A^aw /) + X] f = ^ v ) ■ 

V = 1 


Subtracting (17.81) from (17.61) yields 


(7.9) (7V(r, /) - IVaw (r, /)) + ^ {N{r, f = a,) - N^w {r, / = a.)) • 


It follows from the definitions of uaw (t, /) and u-aw (t, / = Oi/) that the differ¬ 
ence n{r, f) — HAW {p, /) enumerates the number of zeros of 'Dq(l/f){x) at which 
(l/f){x) has a zero in the disk |a;| < r, with due count of multiplicities, while 
the difference n{r, f = a^) — uaw [p, f = o,u) enumerates the number of zeros of 
'Dqfix) in the disk \x\ < r at which f(x) = with due count of multiplicities, 
and those points x in |a;| < r that arise from the common Oi,—points of f{x) and 
f{x) , respectively. We have 


(7.10) 


fp iVx) = = -(PqfK^) ^ 

^ {x-x)f{x)f{x) f{x)f{x) 


Recall that the maps x and x are analytic and invertible (x = x = x) when \x\ is 
sufficiently large. It follows (17.101) that the zeros of { Vql / f ){ x ) originate from the 
poles of /(t), f { x ) or from the zeros of { Vqf ){ x ). On the other hand, the poles of 
{' Dqf ){ x ) must be amongst the poles of f { x ) and/or poles of /(i), and in this case, 
the multiplicity of zeros of (27^1//) (i), which is non-negative, equals to subtracting 
the multiplicity of poles of {' Dqf ){ x ) from the sum of multiplicities of the poles of 
f { x ) and the poles of f { x ). It follows from this consideration and the definitions 
of (17.11) and (17.21) that 


(lV(r, /) - Naw (r, /)) + ^ " ^Aw (r, / = a,)) 

(7.11) ^=1 

< N{r, f{x)) + N{r, f{x)) + N(r, “ ^(^^ T^gfix)) 

holds. We deduce from Theorem 15.II and Theorem 13.41 that the followings 

(7.12) N{r, f{x)) =N{r, f{x)) -b 0((logr)‘^'°«“^+'') -bO(logr); 

(7.13) N{r, Vqf{x)) = N{r, Vqf{x)) -b 0((logr)'^'°s“^+'') -bO(logr); 
and 

"(’'• SJm) +o((i„g.r-.—) + o(i„gr) 


(7.14) 









24 


YIK-MAN CHIANG AND SHAO-JI FENG 


hold. Substituting the (I7.12|) . ()7.13|1 and (I7.14|) into (I7.11|) yields 
(7.15) 

^ p _ 

{Nir, f) - Naw (r, /)) + ^ {N{r, f = a.) - Naw (r, / = a.)) 

< 2N{r, f{x)) + N(r, T^qfix)) + 0((log + O(logr) 

= ^Aw(?', /) + 0((logr)'"‘°«"^+®) + O(logr), 

where the 91 aw(^j /) is given by (13.81) . Combining the (17.71) and (17.151) gives the 
desired inequality dia. □ 

8. Askey-Wilson-Type Nevanlinna Defect Relation 


We recall Nevanlinna’s original deficiency, multiplicity index and ramification 
index are defined, respectively, by 5{a) = 1 — limr^oo N{r, f = a)/T(r, /), i){a) = 
/) =_limr^oo(^(A / = a) - iV(r, / = a))/T{r, f) and 0(a) = 0(a, /) = 1 - 
limr_>.oo A^(4’, / = o,)/T{r, /). Nevanlinna’s second main theorem implies 


( 8 . 1 ) 


^ {5{a) + i?(a)) < ^ 0(a) < 2. 

aec agC 


We define the AW— multiplicity index and AW— deficiency by 


( 8 . 2 ) 

and 

(8.3) 


q / N q / r f = a)- Naw (a / = a) 

i^Aw(a) = i5Aw(a, /) = hm -—— -, 

r—^oo y : I) 


©AW(a) = 0Aw(a, /) = 1 - lim 

r->oo T(r, /) 


respectively. It follows from the definition of Naw {p, f = of that we have the 
relationship 

0 < 'i?Aw(a, /) < 0Aw(a, /) < 1- 

Dividing the inequality (17.51) in Theorem 17.11 bv T(r, /) and rearrange the terms 
yields 


(8.4) 


1 - 


Naw jr, f = a) 
T{r, f) 






Naw {r, f = a) 
nr, f) 


< 2 


Siogjr, e; f) 
Tir,f) ■ 


Taking limit infimum on both sides as r —> -l-oo yields the following theorem. 


Theorem 8.1. Suppose that f[z) is a transcendental meromorphic function of 
finite logarithmic order, such that TDqf ^ 0. Then 

(8.5) ^(^(a)+i?Aw(a)) Qpan{o) < 2. 

a^C aGC 

Remark 8.2. We note that Chern showed in m Theorem 8.1] that for entire func¬ 
tion / of finite logarithmic order growth with its log-order criog and lower order 
v = liminfr_>.oo logr('r, /)/loglogr satisfying uiog — ^ < 1, must have 

Nir, / = a) ^ r(r, /). 

This implies that the two quantities 0aw{o>) Saw{o>) identical for any finite 


a. 


















NEVANLINNA THEORY & ASKEY-WILSON OPERATOR 


25 


Definition 8.3. We call a complex number a G C a 

(1) AW—Picard value if u-aw {r, f = a) = 0(1) (Note that this is equivalent to 
Naw {r, f = a) = O(logr)), 

(2) AW — Nevanlinna deficient value if 0Aw(fl) > 0- 

We remark that a is an AW—Picard value of / means that except for at most 
a finite number of points, the multiplicity “h” of f{x) = a at a; is not larger than 
“A:'”, the multiplicity of Vqf^x) = 0 at i. We also note that for a transcendental 
function / to have AW—Picard value a implies that 0Aw(a) = 1- 

We immediately deduce from Theorem 18.II the following AW—type Picard theo¬ 
rem for finite logarithmic order meromorphic functions. 

Theorem 8.4. Let f be a meromorphic function with finite logarithmic order, and 
that f has three distinct PWl—Picard values. Then f is either a rational function 
or f € kerVq. 

□ 

We also deduce from the Theorem 18.II the following 

Theorem 8.5. Let f be a transcendental meromorphic function with finite logarith¬ 
mic order. Then f has at most a countable number of PWl—Nevanlinna deficient 
values. 

Remark 8.6. Suppose / is a meromorphic function of finite logarithmic order, and 
an extended complex number A. If there exists 0 < g < 1, f{x) has most finitely 
many A—points, or there exists positive integer J, complex numbers aj (1 < J < T), 
and each j associates an integer dj (1 < j < J), such that, except for at most finitely 
many points, the A—points of f{x) situate at the sequences 

(8.6) i(ajg"-t j = 1, 2, • • • , J, n = l, 2, 3,---, 

with multiplicity dj, j = 1, 2, • • • , J. Then it is easy to check that A is an 
AW—Picard exceptional value. 

We note that the definition of AW—type exceptional values includes the classical 
definition of Picard exceptional value, namely that the meromorphic f{x) equals to 
A at most finitely many times. It is known that for meromorphic functions of finite 
logarithmic order of growth, one needs only two Picard-exceptional values in order 
for / to reduce to a (genuine) constant [2]. Thus, when interpreted in the classical 
(most restricted ) setting, one needs only two classical Picard exceptional values 
in order for / to reduce to a constant. However, as exhibited in earlier example of 
the generating function discovered by Rogers (HH), when interpreted in the Askey- 
Wilson (most general) setting, one needs three AW—Picard exceptional values in 
order to conclude that / € kevVq. 

9. Askey-Wilson type Nevanlinna deficient values 

We construct two kinds of examples below that both give AW— Nevanlinna 
deficiencies at a; = 0 as arbitrary rational number, that is, 0 aw(O) = ^ > 0. 
The first category of examples is based on the definition 18.31 that if the pre-image 
of zero for certain function / lies on an infinite sequence of the form (HH), then 
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0Aw(O) = 1. Our second category example is based on constructing multiple zeros 
interpreted in the conventional sense (that is, in the sense of differentiation). 

Here comes with our Hrst example. All the zeros are simple when interpreted in 
the conventional sense, but when some of them are grouped into an inhnite union 
of certain finite sequences are in fact multiple zeros when interpreted in the sense 
of Askey-Wilson. 

Example 9.1. Let n be a positive integer. Then the function 

n —1 


(9.1) 

fn^{x) = Wiq'^e'’^ q^e g”+^)oo 


/i-O 

has 

77 — 1 

Oaw(O) = - -, 


according to the definition of Naw {r, / = 0) in (17.3|) . 


Proof. We first note that for arbitrary j, 

CO 

1 ^ = 1 


i)(i- 




)■ 


Let n(r) denote the number of zeros of g^e g^)oo in \x\ < r. Then we 

clearly can find constants ci and C 2 such that 

(9.2) cilogr < n{r, (g'^e*®, q^)oo) < C 2 logr. 

Hence there are constants Ci and C 2 such that 


(9.3) C'i(logr)2 < N{r, (g'=e*^ g^)oo) < C 2 {\ogrf. 

Similarly 


(9.4) Hi(logr)^ < Naw {r, (g'^e*®, g'^e q^)oo = O) < L> 2 (logr)^ 

for some positive constants Di and 02- On the other hand, it also follows from the 
definition (18.31) and a simple observation from (19.11) that 


(9.5) 
as r —>■ + 00 . 


ill - ^ ^AW {r, (g"e-^ g^e-^; q^U = O) ^ 1 

- N{r, (gfce*^ g^)oo = O) “ n ^ 


N 

log|(g'=e*ig'=e-*ig^)^| <^log(l + 


^(gfc+Al'-l) -g g-fc-j(l'-l)) 
+ ^log|l + g2'=+2A-i)| 


N 


< 


I I ^ 

log (1 + dn{t) + 


I/-1) 


1^=1 
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Taking limits of —>■ +c» on both sides of the above inequality and with reference 

to (j9.2l) yield 


Kg'^e*®, g'=e-*^ 

r 

9^)00 < ja;] / 


Jo 


i(t) 


qa:| 


< 


n(t) 

t 


dt - 


■dt + C 


l\x\ 




dt 




2k 


i-\q\^y 


It is a standard technique to apply integration-by-parts repeatedly on the second 
integral above (see e.g. [9l Lemma 5.1], [Ml Theorem 7.1]) to yield, for some positive 
constant B that 


(9.6) 

T[r, (<?'=e*^ q^U] < logM[r, (g'=e*^ g^)oo] 

<N[r, (g'=e*^g'^e-*^g^■)oo = 0] + 

+ [0(log r)‘"-i+" + 0(log r)'^-2+" • • • + 0(log r)] + B 
<N[r, (g'^e^^ g'^e-*®; gJ)oo = 0] 

+ [0(log r)‘^-i+" + 0(log r)] + B, 


where cr = ciog = 2. It follows from (19.61) and (19.1|) that 

N{r, f) < T{r, /) < N{r, /) + 0{\og^+^ r). 

Hence it follows from (19.51) 

0Aw(O) = 1-. 

n 

as asserted. □ 


Example 9.2. Applying similar idea used in the last example, we can show that 
the function 

n — 1 

f (rr.\ I I (^2kA9 ^2k—i9. ^2n—l\ 

= lilQ e , g e , g joo 

k^O 

has 

0Aw(O) = —. 

n 

Again, one can generalise the above idea to construct an entire function with 
arbitrary rational AW—Nevanlinna deficient value. 


Example 9.3. Let m, n be positive integers such that 1 < m < n. 

m—1 

/(^) = n g^"-’")oo 


IK? 

k'^1 


,m+2k' — l^i9 ^m-\-2k'— 1 ^ — i9. ^2n—m'j 


Then 

777 

0 Aw(O) = —• 
n 

We next consider an example of different type. 
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Example 9.4. Let M, N be non-negative integers such that M > N. 


fix) = [(e*^ g)oo]^[(ge*' 


qe ; g)oo 


N 


It follows from the above construction of / and the definition of A^aw / = ®) in 
(17.31) that 

M - iV 2N 

-Aw()- ~m + N~M + N' 

Proof. We skip the derivation. □ 

10. The Askey-Wilson kernel and theta functions 

Here we give an alternative and self-contained characterisation of the functions 
that lie in the kernel of the AW—operator without appealing to elliptic functions. 
A way to look at the classical small Picard theorem is that when a meromorphic 
function omits three values in C, then the function belongs to the kernel of con¬ 
ventional differential operator, that is, it is a constant. We now show that the 
“constants” for the AW—operator Vg are very different. 

Theorem 10.1. Let fix) be an entire function in C that satisfies {T>qf)ix) = 0. 
Then fix) = c throughout C for some complex number c. 

Proof. We recall our initial assumption that jgl < 1. Let / be an entire function 
that lies in the kernel of Vg, that is, Vgf = 0. Hence for every complex number 
z 7 ^ 0, we have 




?-‘A' 


We deduce easily by induction that, for every integer n, the equality 


( 10 . 1 ) 


>i^)-<i 


q^z + q "/z 


holds. 

For each x £ C, we can find a non-zero z G C such that 

z-k 1/z 


X = 


Let 

( 10 . 2 ) 


be in Z, where [a] denote the integral part of real number a. Then we have 

1 


flog 

^ ■ 

Hog 

1 . 

9 


(10.3) 


1 < < 


Noting that the real-valued function t -|- ^ is increasing for t > 1, we deduce that 


(10.4) 

holds. Therefore 

(10.5) |/(a;)| = |/( 


g"‘z - 


72 


< 


\q\ + \ql 


q^z + q '^jz 


< M ■.= 


\y\< 


max 

|q| + |g| ~ 


\fiy)l 
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Since x is arbitrary, we have shown that f(x) is a bounded entire function and so 
it must reduce to a constant function. □ 


The example (11.91) of meromorphic function that satisifes Vqf = Q given by Ismail 
[28l p. 365] has finite logarithmic order. We call these functions AW—constants. 
For the sake of similicity, we adopt Ismail’s notation that (11.911 can be rewritten in 
the form 


( 10 . 6 ) 


f{x) = (cos 0 — coscj)) 


(paaicosO; qe^^) (j)ac{cos6; qe 
(j)oo{cos9] ())oo(cos0; 


We show below that all functions in the kerlD, are essentially functions made up 
of this form. 


Theorem 10.2. Let f{x) be a meromorphic function in C that satisfies 
(T>qf){x) = 0. Then there exist a nonnegative integer k and complex numbers 
ai, 02 , • • • , Ofc; 5i, 62 , • • • , bk; C such that 

k 

^}{4’oa{cos9\hj)(j)oa{cos9]q/hj) 

A g)oo {qlaje'-\ qlaje-^^\ q)oo 

bje-^O] g)oo {qlbje^^, qfbje-^<^; g)oo ’ 

where x = and 4>oo{x', a) := (ae*®, ae“*®; q)oo- That is, each AW— 

constant assumes the form (110.71) . 

Proof. For any complex numbers a and b, let 


( 10 . 8 ) faA^) 

It is routine to check that 


(/)oo(x; a) (/)oo(x; q/a) 
4>oc{x; b) (pooix; q/b) 


( 10 . 9 ) i'DqfaAix) = 0 

holds. Without loss of generality, we assume that f{x) ^ 0. Let us suppose 
that xq = (zq + 1 / 2 :o )/2 be a zero (resp. pole) of /, then so is each point that 
belongs to the sequence {(g"zo + l/g”/zo)/2}nez in view of (I10.1|) with the same 
multiplicity. We introduce an equivalence relation on all the zeros (resp. poles) of 
/. For xi = {zi + \lzi)l2 and X 2 = (22 + l/z 2 )/ 2 , if there exists an integer n such 
that Zi = Z 2 g”, then we say Xi and x^ is equivalent to each other. We denote the 
class of zeros (resp. poles) which is equivalent to xq by { 0 : 0 }. Clearly every zero 
(resp. pole) in an equivalent class has the same multiplicity. It follows from (110.51) . 
that for every equivalent class of zeros (resp. poles), there exists an element x', say, 
such that It'I < (g + \lq)l2. Since / is meromorphic, it has at most finite number 
of zeros and poles in the disc {|t| < (g + l/g)/ 2 }, and thus / has at most hnitely 
many equivalent classes of zeros (resp. poles) in the complex plane. Denote by 
{ai}, { 02 }, • • • , {a/} the equivalent classes of zeros of / and by { 61 }, { 52 }, • • • , {bk} 
the equivalent classes of poles of /, list according to their multiplicities. 

We now distinguish two cases: 
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Case A: I > k. Set 


( 10 . 10 ) 


9{x)= n 


^oo(x; aj)(j)oo{x-, q/aj) 

4>oo{x- bj) (j)oo{x-, q/bj) ' 


Then it follows from the same principle as in (110.91) that it again satisfies 


( 10 . 11 ) 


{Vqg){x) = 0. 


Notice that f(x)/g(x) is now an entire function, and it also satisfies 

( 10 . 12 ) (Vq-^Yx) = Q. 

Theorem 110.11 implies that we have 

(10.13) = C. 

9{x) 

This establishes (110.71) as required. 

Case B: k > 1. We consider the meromorphic function 1/f{x) instead. So it 
satisfies 

(10.14) (Vqjyx) = 0. 


and has equivalent classes of zeros { 6 i}, { 62 }, • ‘ ‘ ; {^fe} and the equivalent 
classes of poles {oi}, { 02 }, • • • , {o;}, listed according to their multiplicities. 
Notice that l/f{x) falls into the category considered in case A above, so 
that 


(10.15) 


Hence 


1 =cf^ 

fix) f’ooix; ttj) (jiooix] q/aj) ■ 


(10.16) 


A ffooix] aj) 4>ooix] q/aj) 

^ jJi ^ 3 )'t'ooix;q/bj) 


as required. 

□ 


We now explore the fact that the space ker Vq is a linear space. This allows us to 
derive a number of interesting relationships amongst some arbitrary combinations 
of products of (pocix; a)(pocix', q/a) can be represented by a single such product. 
We shall show that many well-known identities about Jacobi theta functions can 
be expressed in the forms that fit those relationships. 

Theorem 10.3. Given positive integer k and eomplex numbers Oj, Cj, 
j = 1, 2, • • • fc, there exist complex numbers b and C such that 

k 

4>ooix; Oj) 4>oc,ix\ q/aj) = C 4>ooix; b)4>ooix; q/b). 

1=1 


(10.17) 
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Alternatively, we express this equation in q—rising factorial notation as 

(10.18) 

k 

Cj q)oo{qlaje'‘^,qlaje~'^^-, g)oo 

i=i 

= C{be^^, (?)oo(g/6e“, g/fee”*"; g)oo 

Proof. Let d be a complex number such that d Uj for 1 < j < k. Set 


(10.19) 


k 

f{x)=Y^C, 

i=i 


^oo(a:; aj) (fooix; q/aj) 
4>oo{x\ d) (fooix- q/d) 


Then we know from (I10.8|) that 


(10.20) {V,f){x) = 0. 

Hence f{x) lies in the kernel of Vq. We deduce from Theorem IIP. 21 that there exist 
a nonnegative integer m and complex numbers C, ci, C 2 , • • • , Ck', di, d 2 , - ■ ■ , dk, 
listed according to their multiplicities, such that 


( 10 . 21 ) 


fix )=c n 

i=i 


(t>oo{x; Cj)(j)oo{x; q/cj) 
4^00 OO (a:; q/dj)' 


However, f(x) can only have a single equivalent class {d} of poles of multiplicity 
one. We deduce m = 1 and di = d, let 6 = ci, we have 


( 10 . 22 ) 


X ^ <^oo(x; 6 )(()oo(a;; g/b) 

(j)ooix\ d)(t)oaix-, q/d)' 


Combining (I10.19P and (110.221) yields (110.171) . 


□ 


Similarly we obtain the following extension but we omit its proof. 

Theorem 10.4. Given nonnegative integers k, m and complex numbers Oij, Cj, 
i = 1, 2, ■ ■ ■ , m; j = 1, 2, • • • k, there exist complex numbers ci, C 2 , • • • , Cm and C 
such that 

km m 

(10.23) ^ ^ Cj 4^00 (^7 ^ 4^00 Cj)0oo(^; Q! ^i) • 

j—1 i—1 i—1 

Alternatively, we express this equation in q—rising factorial notation as 

k m 

0^6““; g)^(g/aye“, g/a^e-^; g)^ 

(10.24) 

m 

= C]^ (cie“, Cie"“; g)^((g/c,)e“, (g/ci)e"“; g)^. 

i=l 

Let us write g = where 3(t) > 0. Hence |g| < 1. Identifying the theta 
functions in the notation of infinite g—product with [171 PP- 469-473]: 


(10.25) 


d 4 (z, g) = (g^; g^)oo (ge^“, g^)oo (ge g^)oo, 
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(10.26) 


^,{z)=Mz+2) = ( 9 '; 9')oo(ge2-+-, 


(10.27) i?i(z)/(-V/V^) = 1 ^ 4(2 + -^) = ( 9 ^; 9^)00 6 ^“; g2)oo (e g^)c 

and finally 


(10.28) 'd 2 {z) ='di{z+-- k) = {q‘^] q'^)oo{-q e , -e g^)oo- 

Then it is straightforward to verify the theta identities (11.101) corresponds to given 
k = 2, ai = q, a 2 = -q^, Ci = ( g^; g^ )^z?4, C 2 = q^ (g^; g^) L^ 2 , t hen b = -q and 
C = ( 9 ^; from Theorem 110.31 Similarly, the identity (11.111) corresponds to 

given k = 2 , ai = q^, 02 = —g^ and g replaced by g^, 

Cl = [g'/"(g^ g 2 )L]"(g"C^ g" 9^)00 (gV?" C", 9V9" e'*" g2)oo, 

<^2 = [(g^; 9^)L]^(-9^e*^, -9^e"*^; g2)oo (gV(-9^)e*^, 9V(-9^)e"*^; g^)^, 
then C = [(g^; g^)^]^ and b = ge®^. We omit the detailed verification. 


11. Askey-Wilson type Five-value theorem 

The above consideration allows us to obtain a variation of Nevanlinna’s live val¬ 
ues theorem for finite logarithmic order meromorphic functions. Nevanlinna showed 
in 1929 [25l §2.7] that if two arbitrary meromorphic functions share five values, that 
is, the pre-images of the five points (so ignoring their multiplicities) in C are equal, 
then two functions must be identical. There has been numerous generalisations of 
this result, including those taking multiplicities into account. Halburd and Korho- 
nen showed that there is a natural analogue of the five-value theorem for two finite 
order meromorphic functions for the simple difference operator A/ in [ 22 ] . We 
show below that there is also a natural extension for the five-value theorem for two 
finite logarithmic order meromorphic functions with respect to the AW—operator. 
Our definition for two functions sharing a value in Askey-Wilson appears to be 
different in spirit from that given in | 22 j . 

Definition 11.1. Let / and g be two meromorphic functions with finite logarithmic 
orders. Let a G C. We write Ef{a) to be the inverse image of a under /, that is, it 
is the subset of C where f{x) = a. Then we say that / and g share the AW—value 
a if Ef{a) = Eg{a) except perhaps on the subset of C such that 

(11.1) nAw(A / = a) - fiAwir, g = a) = 0(1). 

We can write the above statement in the equivalent form 

(11.2) Aaw (a f = a)- Naw (a 9 = a) = O(logr). 

We recall from the ]j7]that the definition (|ll.ll) means that 

{hf{x) - kf{x)) - Y ihi^) - kgi^)) = 0(1), 

|a:|<r |x|<r 

where k = min{/i, k'}. We note that the definition entails that two finite logarith¬ 
mic order meromorphic functions share a AW—a could be very different from two 
meromorphic functions share the value a in the classical sense. If the pre-images 
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of a G C under / and g lie on a sequence defined by dm, then / and g share 
AW—a. On the other hand, there are many ways for which the hf{x) — kf{x) and 
hg{x) — kg{x) can behave that would lead to the upper bound stipulated in ( 111 . 21 ) . 

Theorem 11.2. Let fi{z), i = 1, 2 be non-constant meromorphic functions of 
finite logarithmic orders ^2.141^ such 'Dqfi ^ 0. Suppose that fi{z), i = 1, 2 share 
five distinct AW—points a,y, z/ = 1, • • • , 5. Then /i = / 2 . 


Proof We follow the exposition in Hayman [25]. We suppose on the contrary that 
the functions /i, /2 are not identically the same. According to the assumption, 
we shall assume that Ef-^{a^) = except perhaps on those x for which the 

(lll.2|) hold with p = 1, • • • ,5. Hence 

(11.3) 

Ai 2 .u{r) := IVaw (r, -) = Naw (r, -) + O(logr), p = 1, • • • , 5. 

\ Ji — O.V J \ J2 — 0,1, J 

Choosing p = 5 in (17.5p yields 

5 

(11.4) (4 + o(l)) T(r,/i) < IVaw (c/i) + /i) + O(logr), i = 1, 2, 

i/=i 

and hence, 

5 

(11.5) (3 + o(l))T(r,/,)<^7Vi2..(r) + 0(logr), i = 1, 2. 

Since /i, /2 are not identical, so 

r(r, (/i - / 2 )-') = T(r, h - / 2 ) + 0(1) 

( 11 . 6 ) ^ 

y—1 

Thus except for those x for which the (111.21) may hold with a,y—points {v = 
1, • • • ,5), the zeros of fi — f 2 satisfy 


(11.7) 


Thus, 


5 

^ A^i2,j/(t) < Naw 

iy=l 


/1-/2 


r(r, (/1-/2)-') 


= T{r, h - f 2 ) + 0(1) 


( 11 . 8 ) 


^iVi2,i.(r) = ^ +0(1). 


which is impossible if /i, /2 are non-constant and 'Dqfi ^0, i = 1, 2. This com¬ 
pletes the proof. □ 
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12. Applications to difference equations 


Let 

P„(x) = pri{x\ a, 6, c, d Ig) : 
(12.1) {ab, ac, ad, ; q) 




q ", abcdq^ 
ab, ac, 


a e 
a d 


id 


a e 


-id 



be the n—th Askey-Wilson polynomial, where we recall that x = cosO. It is known 
from 0 Theorem 2.2] that when —1 < q < 1, a, b, c, d are real or appear in 
conjugate pairs, and that max{|a|, |5|, jcj, |c?|} < 1, then the AW—polynomials are 
orthogonal on [—1, 1] with respect to the weight function 


( 12 . 2 ) 

uj{x) = uj{x; a, b, c, d jg) := 


w{x; a, b, c, d jg) 

Vl — 

q)c 


(ae*®, ae“*®; g)oo(&e*®, 5)oo(ce*®, ce“*®; q)oo{de^^, de"*®; g)ooSin0' 


Let 


(12.3) u}{x) := a;(x; aq'^, bq‘^, cq^, dq^ |g), 

be a shifted-weight function. Askey and Wilson showed (see (BJ (5.16)]) that the 
AW—polynomials are also eigen-solutions to the (self-adjoint) second-order differ¬ 
ence equation 

(12.4) (1 - qf Vq [w(a;) Vq y{x)\ + A„w(x) y{x) = 0 
where y{x) = Pn{x; a, b, c, d\q) 


A„ = 4g-"+i(l - g")(l -abcdq^-^), 

are corresponding eigenvalues. We consider a self-adjoint type equation with a more 
general entire coefficient. Entire functions of zero-order have particularly simple 
Hadamard factorization. Littlewood [36l §14] 0 gave a detailed but lengthy analysis 
of asymptotic behaviour of g—infinite products. We instead derive a less accurate 
estimate but shorter argument due to Bergweiler and Hayman nni Lemma 3] for the 
Jacobi theta function q) (see [47l p. 469]) in the punctured plane C* = C\{0} 
away from the zeros when considered as the function of z. If a; = cosd = (z-|-l/2;)/2, 
then in our notation, their theta function [ini (4.5)] is represented as 

(g^ ge“*®;g^)oo. 

We modify their argument to suit the notation we use for our infinite products 
which allow for an extra non-zero parameter a. Unlike the restriction that q is 
required to be real and — I<g<lin[6 l Theorem 2.2], we allow our q to be 
complex. 

Lemma 12.1. Suppose a G C\{0}, x = cos9 = ^(z + z~^), and 


(12.5) /(x) = (ae*®, ae *®;g)oo. 

Let \z\ > max{jag“5|j , u G N andr G [0, 1) be two numbers (both depend 

on z) that satisfy 


^The authors are grateful for the referee who pointed out this information. 
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(12.6) |a^| = \q\i-^-r 

Then we have, 

(12.7) log |/(x)| = + I log(la^l) + log |1 - + 0(1) 

as X oo and hence 2 —>■ oo. 


Proof. We write 

OO 

log |(ae*®, ae“*®;g)oo| = ^log |(1 - aq’'~^z){l - aq''~'^/z)\ 

k^l 

= S,+S 2 + S 3 + log\l-aq'^-^z\ 


( 12 . 8 ) 


where 


and 


5i = ^log|(l-ag'=-iz)|, ^2 = ^ log |(1 - ag'=-iz)|, 


k^l 


k—i'-\-l 


53 = ^log|(l-ag'=-V^)|. 


fc=l 


We first consider 

= ^log|ag'=-iz| + ^log 

(12.9) 


fc=l 


1^-1 


k^l 


1 - 


k—l 

aq'^ 


= (iz-l) log \az\ + (v- l)(v /2 - 1) log |g| + ^ log 


1 - 


fc=i 


ag^ ^z 


Since fc < — 1, so that ly — k > 1, we have 

\l/{aq’‘-^z) \ = |g|-i+"+"+(l-^-) < < |g|5 < 1. 


Scfl 

( 12 . 10 ) 

Hence 

( 12 . 11 ) 


log 


1 - 


aq^~^z 


< log- 


1 

- < - — - < 


kl 


'—k 




1^-1 

E 

k=l 


log 


1 - 


aq^~^Z 


1 


< y__< _ 

t,HHl-\q\^) \q\Hl-mp, 


Em^ 


(i-kl^)(i-l9l) 


We deduce that 


(12.12) [S'! - (:/ - 1) log \az\ + (iy- l)(^/2 - 1) log |g| | < 


W 


(i-M^)(i-kl) 


^Since |log(l + z)| < log (0 < \z\ < 1), see e.g., [2] p. 68, (4.1.34) and (4.1.38)]. 
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Now let US compute 82 - Since k> v + 1 and r G [0, 1), so 

\aq'^-^z\ = i < |g|i/2 < i_ 

Hence 


(12.13) 


logll — 


< log- 


1 


< 


kl 


k—u — T 


- < 


kl 


k—i^ 


l-kl |g|5(l-|g|2) 


We deduce 


(12.14) 


1^21 < 


1 1 
_ - _ V =_ - _ 

l9l^ 


00 

(Ew) 


1=1 


(l-|g|)(l-Mi/2)' 

It remains to estimate S^- According to our assumption \z\ > |ag“^| that 

\aq>^-^/z\ < Iql'^-i < |g|5 < 1 

so that, we can invoke a similar argument used to estimate (112.101[T2.1411 to derive 


isji < i: 


(12.15) 


k^l 

00 


log 


1 - 


aq 


k-l 




< 


X^iog- 




< 


y |g|^ ^ < _ I _ y I |fe-i ^ 


- \aq'^ ^ 1 - |g|'= 5 




(l-M)(l-|g|.) 


Combining the estimates (112.91) . ()12.12L (112.141) and (112.ISp yields the estimate 
(112.711 as required. □ 

We recall the following estimate which can be found in both P71 p. 62] and [301 

p. 66]. 

Lemma 12.2. Let a, 0 < a < 1 he given, then for every given complex number w, 
we have 

r2TT 


(12.16) 




1 


re“f' — w\' 


■ d(j) < 


(1 — a)r° 


Lemma 12.3. Let u}{x) and Cb{x) be as defined in (112.21) and (112.31) respectively. 
Then we have 


(12.17) 


^(r, ^) = O(logr), |a;| 


Proof. It is elementary that 
(12.18) 

[aq^e'’^, aq^e~^^] q)c 


m^r, —) < m(r, 

(’ 


+ 7717-, 


(ae^^, ae ^^;q) 

{c(M^cy£^ qU 

(ce*®, ce~^^]q) 


) + m(r 


{bq^e^^, bq^e ^^;q) 


+ m 


(c 


(6e*®, be-'‘^]q)oa ' 

(dq^e*®, dq^e~^^-, q)c 
(de*®, de“*®; q)oc 


■■y 


Without loss of generality, we consider m(r, {aqiz, aq^ / z; q)oof (az, a/z-,q)oo)- Since 
jzj = 2|a;| + 0(1) as \x\ = r ^ 00, we have by Lemma [l2.II 
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(12.19) log 


(ag2z, aq2lz;q)c 


= — log |1 —^ 2 ;|+log |1 — 2 z|+ 0 (logr), 


{az, a/z;q)c 

with \az\ = \q\i~'^^~'^'-, \aq^z\ = \q\i~'^'^~'^‘^. By Lemma 4.1 with a = i, we have 

( 12 . 20 ) 

log \ l—aq'''^~^z\ = O 




zh + 


z - 


=o{ --r)+ 0 (l). 


On the other hand, 

( 12 . 21 ) 

\x-[a-^q^-''^ +aq'^^-^)/2\ = ]^\z-a-^q^-''^\\l-aq'^^-^z-^\ = 0{\z-a-^q^-'^^\). 
Then 


X — (a“ig^“'^i + ag'^i“i)/2| 2 


7 * 2 


(12.22) log|l - ag'^i-izl = o(. 

Similarly we have 

(12.23) logll-ag'^^-^zl =o(- - ^ ^ _i, 

(a“ig2 _|_ ^^ 1/2 2)/2|2 

Substitute (12.22) and (12.23) into (12.19) yields 

(12.24) 

log “9^/^’'?)- 

= 0 


0 ( 1 ). 


0 ( 1 ). 


(az, alz]q)c 


■T—+0(logr), 

2 I / / 2 / 


|a; — (a^igi”*^! + ag^i“^)/ 2 | 2 |a;—(a“ig2 ^^>22 2)/2|2 

Let r be large enough and fixed, x = . We note that when (j) varies in [0, 27r], 

|z| makes a corresponding small change with |z| = 2r + o(l). This may result in the 
change of integers vi and V 2 but each of them can assume at most two consecutive 
integer values. Thus 

{aqiz, aqi/z;q)c ' ^ ^ r2-K 


(12.25) m(r, 


{az, alz;q)c 


0 =«(i: 


i=i 


'0 re“P — Wj 


rdcj)) +0(logr). 


where wi ^2 = (a ^q^ + aq’'^ ^)/2, R’ 3,4 = (a ^q^ + aq’’'^ ^)/2. Hence, we 

deduce from Lemma [12.21 that 

(12.26) m[r, — - - - -^- = O(logr). 

V {az, alz-,q)oa ) 

Similarly we can repeat the above argument to the remaining three terms in (112.181) . 
This completes the proof. □ 

Theorem 12.4. Let A{x) be an entire function of finite logarithmic order (j\og^{A) > 
1. Suppose that f is a entire solution to the second-order difference equation 


(12.27) 'Dq\Cj{x)'Dqy{x)\ + uj{x)A{x) y{x) = 0. 

Then criog(/) > criog(H) + 1. 
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Proof. Let 

F{x) := ui{x)'Dgf{x). 

We deduce from Theorem[311]that (Tiog(-F) < max{criog(a;), criogi'Dqf)} < max{2, criog(/)}. 
Then by the Theorem 13.11 for each e > 0, 

Vq[(:i{x)Vq f{x)] 


m{r, A) = TO^r, 




(12.28) 


f VgF{x)\ ( 


Vgf{x) 


F{x) 


fix) 


= 0((logr)'"'°*(^)-i+") + O(logr) + 0((log 
Since criog(A) > 1 and e > 0 is arbitrary, so we deduce the desired result. □ 


We further define 


(12.29) 


OJkix) := uj{x-, aq\ bq\ cq^ , dq'^ |g), 


to be the fc—shifted weight function of ()12.2I) . where k> 1 and ujo{x) = uj{x; a, b, c, d |g). 
Then Askey and Wilson 0 (5.12)] derived a Rodrigues-type formula: 


(12.30) 

{Vg)^[uj{x; aq^, bq^, cq^, dq^ |g)] 
'q- 1\-^ 


^ ^'^U}{x- aqK bqK cqK dq^^ \q)pnix; a, b, c, d\q) 


which may be regarded as a higher order difference equation. We can apply a 
similar technique used in the last theorem to obtain the following theorem whose 
proof is omitted. See also [151 Theorem 9.2] 


Theorem 12.5. Let k > l,Aj{x), j = 0, 1, • • • fc — 1 be an entire functions such 
that o'iog(Ao) > (7iog(Aj) > 1, j = 1, • • • , fc —1. Suppose that f is an entire solution 
to the k—th order difference equation 


(12.31) Vf^y{x) + Ak-iDd^ yix)-\ - \-+AiVqy{x) + AQ{x)y{x) = 0. 

Then criog(/) > criog(Ao) + 1. 

13. Concluding remarks 

We have shown in this paper that the AW—operator naturally induces a version 
of difference value distribution theory on meromorphic functions of finite logarith¬ 
mic order of growth. Although the finite logarithmic order growth appears to be 
restrictive, it turns out that this class of functions contains a large family of mero¬ 
morphic functions, including the Jacobi theta functions and theta-like functions 
and also many g—series type special functions. 

In particular, a Picard-type theorem based on the AW—operator is derived. For 
any complex a, instead of the classical Nevanlinna theory in which the Nevanlinna 
deficiency 5{a) plays an important role, we have shown that it is the 0aw(o) which 
corresponds to what we used to call the ramification index that plays the crucial 
role in our AW—Nevanlinna theory. It appears to be a proper index to consider 
when dealing with function theoretic problems on finite differences in general and 
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AW—difference operator in particular. As a result, we have called the 0Aw(a), 
where 0 < 0Aw(a) < 1, the AW—deficiency and showed that X^aec ©aw (a) < 2 in 
this paper. Our new Picard theorem says that if a slow-growing (finite logarithmic 
order) meromorphic function / has three such AW—deficient values, then / belongs 
to kerPq. Special cases of an a—point being a AW—deficient value of / include 
when the pre-image of an a—point lies on an infinite sequence m- Thus, although 
the equation f{x) = a has infinitely many solutions, our theory suggests us to 
interpret these a—points as if they are not present in the sense of Askey-Wilson. 
We have also given an alternative derivation of functions that lie in the keiDg. 
Unlike the kernel of conventional differential operator, the kerP^ is non-trivial. As 
a consequence, we have derived a number of relationships exist amongst families of 
g—infinite products. 

Although one can write down an infinite convergent series given by the AW—Taylor- 
expansion ( 12 . 101 ) in terms of the AW—basis, little is is known about the value dis¬ 
tribution of those functions. One such example is given by Koelink and Stokman 
in [32] where they constructed a transcendental function solution to (112.41) which is 
linearly independent to the Askey-Wilson polynomials (112.11) . This transcendental 
function were further studied in [33j . But we still do not know its logarithmic or¬ 
der. Needless to say that much less is known about the value distribution properties 
of other transcendental meromorphic functions associated with the AW—operator. 
Our AW—Nevanlinna theory allows us to understand a little more. For example, the 
generating function H{x) (11.61) for g—ultraspherical polynomials found by Rogers 
mentioned earlier has zero-sequence and pole sequences as described by HH) and 
m respectively. However, it has 0 aw(O) = 1 and 0 aw(oo) = 1 under our inter¬ 
pretation. Thus the H{x) can be regarded as AW—zero-free and pole-free. On the 
other hand, the H{x) is not in the form (110.71) described by the Theorem 110.21 so 
it does not belong to the Vq. Hence the H{x) must assume all a 7 ^ 0, oo infinitely 
often in the sense of Askey-Wilson. 

We recall that a function is called a polynomial if the function is annihilated after 
repeated application of conventional differentiation a finite number of times. Thus, 
those functions that are annihilated after a differentiation are called constants. If 
we replace the differential operator by the AW—operator, then the Theorem 110.21 
shows that apart from the conventional constants, there are also constants (given 
by (|10.7|) 1 with respect to the AW—operator. So it is natural to ask what are the 
polynomials and transcendental with respect to the AW—operator. Since even the 
class of AW—constants consists of a rich collection of conventional transcendental 
meromorphic functions, thus it can be anticipated that these polynomials should 
be rich and worth exploration. 

The classical Picard theorem and Nevanlinna theory are about a particular way 
of counting zeros/poles and their multiplicities about a meromorphic function with 
respect to the basis {x^} (—00 < n < -koo) which is natural with respect to 
the derivative. However, the natural basis for a difference operator is not the 
usual {x^}. It is known that some natural bases for difference operator Af{x) = 
f{x + c) — /(c) and the AW—operator Vqf are, respectively, 

(1) The Netwon basis: Pn{x) = x{x -k 1) • • • (x -k n — 1) 


(2) the AW—basis: (/)(x; a)n = (ae*®, ae g)n. 
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when n > 0. However, when defined in an appropriate manner, they can be ex¬ 
tended to the full-range {—oo < n < -l-oo). Thus it may be more appropriate to 
establish the various Nevanlinna theories for difference operators with respect to 
their natural interpolatory bases, and therefore this includes finding their appro¬ 
priate residue calculus. 


Appendix A. Proof of theorem 12.11 

Although the Askey-Wilson operator is defined on basic hypergeometric polyno¬ 
mials in their original memoir [6], it follows from a terminating sum of (I2.10|l . that 
one can write a;" explicitly in terms of {(j)n{cos9; a)}, together with (12.81) show that 
the Askey-Wilson operator will reduce the a degree n polynomial f{x) to degree 
n — 1. Alternatively, one can verify this directly: 

[(gl/2 _ g-1/2), = (gl/2^ _ g-l/2^-l)/c _ (g-1/2^ _ ql/2^-l)fe 

= - 2j)9. 

3=0 


Hence 


Vqx'^ 



2q-ik-2j)l2 

ql/2 _ q-l/2 


Uk-2jix), 


where x = cos 9 and Uk is the Chebyshev polynomial of the second kind, shows that 
'Dqx'^ is indeed a polynomial in x. 

Let f{x) = Y^^=o^kx’^ be entire so fnix) := ^ uniformly on 

any compact subset of C as A^ —>■ +oo. Thus it is clear that both and 

and hence 0 uniformly on any compact subset of 

C as A —- 1 - 00 . Thus Vqf = 'Dq{J2T=o otkX^) is analytic and hence entire. 


We would like to extend the definition of 'Dq to meromorphic functions. To do 
so we first establish that given f{x) entire, then so is the 

(A.l) {Aqf)ix) = ^[f{qh) + fiq-h)], 

which is called the averaging operator [281 p. 301]. In view of the argument to justify 
the analyticity of 'Dqf above, it suffices to show that AqX^ is again a polynomial 
in X. Since 

Aqx^ = \[{q^'^Z + q-^/^/zf + [q-^/^z + i'-^lzf) 


where the Tk is the Chebyshev polynomial of the first kind. Thus Aqf{x) is again 
entire. 

Moreover, one can check easily that 


(A.2) 




__ 

f{q^Az + q-'^A I z)f{q-'^Az + cf-A jz') 
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(We note that it tends to —f'{x)/p{x) as q ^ 1.) We consider 
(A.3) f{q^l^z + q-^l^lz)l2)!{q-^l^z + q^^^lz)l2) 

oo oo 

k^O k'^0 

oo oo 

= E E +A)‘'. 

k=0 k>=0 

We only need to consider the cases when k ^ k'. Suppose k > k'. We note the 
following term in the (IA.3I) . 

(A.4) 


(gl/2^ + q-^/^z-^)\q-^/^Z + q^/^Z-^f + {q^^^Z + q-^' ^ Z-^f\q-^' ^ Z + q^^^Z-^f 

= [q^/^z + q-^l‘^z-^f\q-^l^z + q^'^z-^f 

X [{q^/^z + q-^'^z-^f-^' + {q-^l’^z + 

= (a;2 + g + - 2)'^'' ~ 2g(2j-fc-fe')/2 cos(fc + fc' - 2j)6». 

o—n \ ^ / 


But cos{k -\- k' — 2j)6 = TkJ^k'- 2 j{^) is a polynomial in x, so that 

f{q^/^z + g-i/Vz)/2)/(g-i/2z + gi/Vz)/2) 

is again entire. Thus 2?q(l//) is meroinorphic. We note that / can be represented 
as a quotient f = g/h where both g and h are entire. Since 


(A.5) 


{Aqllh){x) 


{Aqh){x) 

h{q^Az + q-^Alz)h{q-^Az + q^A/z) ’ 


it is now easy to see that Aql/h is meromorphic. Then, we deduce from the quotient 
rule [28l p. 301] 


(A.6) Vq {g/h) = [Aqg) {Vq llh) + {Aqllh) {Vqg) 


that 'Dqf is a meromorphic function. 


Acknowledgement The first author would like acknowledge the hospitality that 
he received during his visits to the Academy of Mathematics and Systems Sciences, 
of Chinese Academy of Sciences. He would also like to thank George Andrews and 
his colleague T. K. Lam for useful discussions. 


References 

1. Ablowitz, M. J., Halburd, R., Herbst, B.: On the extension of the Painleve property to 
difference equations, Nonlinearity, 13, 889-905, (2000). 

2. Abramowitz, M.,Stegun I. A.(eds.), Handbook of Mathematical Functions. National Bureau 
of Standards, Appl. Math. Ser. 55, Washington, 1964. 

3. Andrews, G. E.: g-series: their development and application in analysis, number theory, 
combinatorics, physics, and computer algebra, CBMS Regional Conference Series in Mathe¬ 
matics 66, Published for the Conference Board of the Mathematical Sciences, Washington, 
DC; American Mathematical Society, Providence, RI, 1986, p.p. xii-|-130, 

4. Andrews, G. E., Askey, R., Roy, R, : Special Functions. Encyclopedia of Mathematics and its 
Applications, Cambridge University Press, Cambridge, 1999 






42 


YIK-MAN CHIANG AND SHAO-JI FENG 


5. Askey, R., Ismail, M. E. H.: A generalization of ultraspherical polynomials. Studies in Pure 
Mathematics (P. Erdos, ed.), Birkhauser, Boston, Mass., 55—78 (1983) 

6. Askey, R., Wilson, J.: Some basic hypergeometric orthogonal polynomials that generalize 
Jacobi polynomials, Memoirs Amer. Math. Soc. 55 (319) ivH- 55 p.p., 1985. 

7. Barnett, D. C., Halburd, R. G., Morgan, W., Korhonen, r. J.: Nevanlinna theory for the 
g—difference operator and meromorphic solutions of difference equations. Proc. Roy. Soc. 
Edinburgh Sect. A 137 , (3) 457-474, (2007). 

8. Barry, P. D. : The minimum modulus of small integral and subharmonic functions. Proc. 
London Math. Soc. (3) 12 445-495, (1962) 

9. Berg, C., Pedersen, H. L. with an appendix by Walter Hayman: Logarithmic order and type 
of indeterminate moment problems, Proc. Inter. Conf. : ’’Difference equations, special func¬ 
tions and orthogonal polynomials”, Munich, July 25-30, 2005. World Scientific Publ. Comp., 
Singapore 2007 (ISBN-13 978-981-270-643-0; ISBN-10 981-270-643-7). Editors: S.Elaydi, J. 
Cushing, R. Lasser, V. Papageorgiou, A. Ruffing, W. Van Assche. 

10. Bergweiler, W., Hayman, W. K., Zeros of solutions of a functional equation. Comput. Math. 
Funct. Thy., 3, (1), 55-78, (2003). 

11. Brown, B. M., Ismail, M. E. H.: A right inverse of the Askey-Wilson operator. Proc. Amer. 
Math. Soc., 123 , 2071-2079 (1995) 

12. Bryc, W., Wesolowski, J.: Askey-Wilson polynomials, quadratic harnesses and martingales. 
Ann. Prob. 38, 1221-1261 (2010) 

13. Cheng, H. K.-H., Chiang, Y. M.: Nevanlinna theory of the Wilson divided difference operator. 
In preparation. 

14. Chern, P. T-Y.,: On meromorphic functions with finite logarithmic order, Trans. Amer. Math. 
Soc. 358 No. 2, 473-489 (2005). 

15. Cherednik, 1.,: One-dimensional double Hecke algebra and Gaussian sums. Duke Math. J. 
108 511-538 (2001) 

16. Collingwood, E. F.: Sur quelques theorem de M. Nevanlinna, C. R. Acad. Sci. Paris 179 1924. 

17. Corteel, S., Williams, L. K.: Staircase tableaux, the asymmetric exclusion process, and Askey- 
Wilson polynomials. PNAS, 107 , 6726-6730 (2010) 

18. Chiang, Y. M., Feng, S. J.: On the Nevanlinna characteristic of f(z rj) and difference 
equations in the complex plane. The Ramanujan J. 16 , 105-129, (2008) 

19. Chiang, Y. M., Feng, S. J.: On the growth of logarithmic differences, difference quotients 
and logarithmic derivatives of meromorphic functions. Trans. Amer. Math. Soc. 361 no. 7, 
3767-3791, (2009). 

20. Gasper, G., Rahman, M.: Basic Hypergeometric Series. Encycl. Math. Appls. 96 Camb. Univ. 
Press, (2004) 

21. Halburd R. G., Korhonen, R. J.: Difference analogue of the lemma on the logarithmic deriv¬ 
ative with applications to difference equations. J. Math. Anal. Appl. 314 , 477—487, (2006). 

22. Halburd R. G., Korhonen, R. J.: Nevanlinna theory for the difference operator. Ann. Acad. 
Sci. Fenn. Math. 31 , no. 2, 463-478, (2006). 

23. Halburd R. G., Korhonen, R. J.: Finite-order meromorphic solutions and the discrete Painleve 
equations. Proc. Lond. Math. Soc. (3) 94 , 443-474 (2007) . 

24. Halburd, R. G., Southall, N. J.: Tropical Nevanlinna theory and ultradiscrete equations. Inter. 
Math. Res. Not. IMRN, 2009 , no. 5, 887-911 (2009). 

25. Hayman, W. K.: Meromorphic Functions, Claredon Press, Oxford, 1964 (reprinted in 1975 
with an appendix). 

26. Hayman, W. K.: Subharmonic functions. Vol. 2, London Math. Soc. Mono. 20, Academic 
Press, Harcourt Brace Jovanovich, Publishers, London (1989). 

27. He, Y., Xiao, X.: Algebroid Functions and Ordinary Differential Equations, Science Press, 
Beijing 1988 (Chinese). 

28. Ismail, M. E. H.: Classical and Quantum Orthogonal Polynomials in One Variable, Encycl. 
Math. Appls. 98 Camb. Univ. Press, 2005. 

29. Ismail, M. E. H., Stanton, D.: q—T aylor theorems, polynomial expansions, and interpolation 
of entire functions, J. Approx. Theo. 123 125-146, (2003). 

30. Jank, G., Volkmann, J.: Einfiihrung in die Theorie der ganzen und meromorphen Funcktionen 
mit Anwendungen auf Differentialgleichungen, Birkhauser Verlag, Basel, Boston, Stuttgart, 
1985. 


NEVANLINNA THEORY & ASKEY-WILSON OPERATOR 


43 


31. Koekoek, R., Lesky, P. A., Swarttouw, R. F.: Hypergeometric Orthogonal Polynomials and 
Their g—Analogues, Springer-Verlag Berlin Heidelberg 2010. 

32. Koelink, E., Stokman, J. V.: The Askey-Wilson function transform. Inter. Math. Res. Not. 
IMRN 22, 1203-1227 (2001) 

33. Koelink, E., Stokman, J. V.: Fourier transforms on quantum SU{1, 1) group. Pulb. RIMS, 
Kyoto Univ. 37, 621-715 (2001) 

34. Laine, L: Nevanlinna Theory and Complex Differential Equations, Walter de Gruyter, Berlin 
1993. 

35. Laine, L, Tohge, K.: Tropical Nevanlinna theory and second main theorem, Proc. Lond. Math. 
Soc. (3) 102, 883-922 (2011) 

36. Littlewood, J. E.: On the asymptotic approximation to integral functions of zero order, Proc. 
Lond. Math. Soc. (3) 5, (1907), 361-410. 

37. Magnus, A. P.: Elliptic hypergeometric solutions to elliptic difference equations. SIGMA, 
Symmetry Integrability Geom. Methods Appl. 5, 038, 12 pages (2009) 

38. Miles, J.: Quotient representation of meromorphic functions. J. Analyse Math. 25 371-388, 
(1972). 

39. Nevanlinna, R.: Zur Theorie der Meromorphen Funktionen. Acta. Math. 46, 1-99 (1925) 

40. Nevanlinna, R.: Analytic Functions. Springer-Verlag, New York, Heidelberg, Berlin, 1970. 

41. Noumi, M., Stokman, J. V.: Askey-Wilson polynomials: an affine Hecke algebra approach. 
Laredo Lectures on Orthogonal Polynomials and Special Functions, 111C144, Adv. Theory 
Spec. Funct. Orthogonal Polynomials, Nova Sci. Publ., Hauppauge, NY, 2004. 

42. Rogers, L. J.: Third memoir on the expansion of certain infinite products. Proc. Lond. Math. 
Soc. 26 15-32 (1895) 

43. Saks, S, Zygmund, A.: Analytic Functions, Monografie Mat. (Engl. TransL). tomo 28, War¬ 
saw, 1952. 

44. Stokman, J. V.: An expansion forumula for the Askey-Wilson function. Jour. Approx. Theo. 
114, 308-342 (2002) 

45. Stokman, J. V.: Askey-Wilson functions and quantum groups. Theory and applications of 
special functions, 411G442, Dev. Math., 13, Springer, New York, 2005. 

46. Szablowski, P. J.: On the structure and probabilistic interpretation of the Askey-Wilson 
densities and polynomials with complex parameters. J. Funct. Anal. 261, 635-659 (2011). 

47. Whittaker, E. T., Watson, G. N.: A Gourse of Modern Analysis (4th ed.), Gamb. Univ. Press 
1927 (reprinted in 1992). 

48. Yang, L.: Value Distribution Theory, Springer-Verlag, Berlin; Science Press Beijing, Beijing, 
1993. 

Department of Mathematics, Hong Kong University of Science and Technology, 
Glear Water Bay, Kowloon, Hong Kong, P. R. Ghina. 

E-mail address: machiangOust .hk 

Academy of Mathematics and Systems Science, Ghinese Academy of Sciences, Beijing, 
100080, P. R. Ghina. 

E-mail address: fsj@ainss.ac.cn 


